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Abstract

We develop a unified framework for optimal management of public portfolios for a general
class of macro-finance models imposing very few restrictions on households’ risk and liquid-
ity preferences or market structure for financial assets. Small-noise expansions to first-order
conditions for a Ramsey plan can be reorganized into a formula for an optimal portfolio of
government financial assets that isolates four motives balanced at an optimum: (1) hedging
interest rate risk, (2) hedging primary deficit risk, (3) supplying liquid assets, and (4) inter-
nalizing equilibrium effects of public policies on financial asset prices. We directly calibrate
quantitative measures of these four motives. Hedging interest rate risk plays a dominant role
in shaping an optimal portfolio of financial assets for the U.S. federal government.
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1 Introduction

This paper isolates and quantifies motives that shape optimal government portfolios of finan-
cial assets. We do this for a class of representative household general equilibrium models. This
class of models includes popular specifications of households’ risk and liquidity preferences,
sets of tradable securities, as well as restrictions that can limit access to some markets. These
models have been used to explain asset price anomalies as well as price responses to changes
in the supply of government debt. For this general class of models, we expand the “sufficient
statistics” approach popular in public finance (see Chetty (2009)) and derive formulas for op-
timal portfolios that summarize the normative prescriptions using a small number of empirical
moments. When applied to U.S. data, we find that the optimal debt portfolio is largely de-
scribed by exponentially declining weights on longer maturities, and it needs little rebalancing
over time.

Our framework consists of domestic households, foreign investors, and a benevolent gov-
ernment. Households are identical. They derive utility from consumption, leisure, and value
liquidity services provided by a subset of securities. Our formulation of household prefer-
ences includes a variety of models studied in the literature — Ai and Bansal (2018) class of
recursive preferences, discount factor shocks of Albuquerque, Eichenbaum, Luo, and Rebelo
(2016), and also imperfect substitutability of financial assets in the spirit of Krishnamurthy and
Vissing-Jorgensen (2012). Foreign investors are fully described by a set of demand functions
for various securities. A benevolent government planner inherits representative agent’s pref-
erences and chooses a history contingent sequence of taxes and portfolios under commitment.
We also allow for a variety of market structures by specifying which securities are traded by
households, foreign investors and the government. Our market structures is general enough
to encompass not only the classical complete markets model but also several types incomplete
markets settings that have been used in applied work.

The planner faces costs from adjusting taxes and from altering the supply of securities
that provide liquidity services, and internalizes the effects of its actions on asset prices. The
planner uses returns on the securities it trades to smooth these costs across time and states.
Private agents’ first-order conditions for supplying labor and for purchasing securities traded
by the government are “implementability” restrictions on allocations available to the planner.
Combining these conditions with government budget constraints and small-noise expansions to
the planner’s first-order conditions yields a system of equations that determines the government
portfolio.

The economic forces that drive the optimal composition are made transparent by decom-



posing the expression for the optimal portfolio in four intuitive terms: (i) interest rate risk,
which arises from fluctuations in the current and future risk-free rates; (ii) primary surplus
risk that arises from movements in the primary surplus; (iii) liquidity risk that captures the
movements in households marginal benefits from liquidity services; and (iv) price impact that
measures the effect on asset prices due to government’s trades.

We show that all four terms are expressed in terms of a small number of moments that are
easy to empirically measure. These sufficient statistics take the form of covariances such as
the covariance of returns with each other, with interest rates, with deficits, and with liquidity
premia, as well as elasticities such as the elasticity of tax revenues with respect to tax rates and
elasticities of bond prices with respect to bond supply. Relative to the classical portfolio theory
applied to the individual investor, neither risk aversion nor Sharpe ratios or betas appear in
our formula. This is because the government is benevolent. To the extent it can trade the same
securities as the households, its attitude to the risk-return trade-off must be the same as that
of households, and these considerations disappear from its calculation of optimal portfolios.

The first term describes how the government can structure its portfolio to minimize risk
from fluctuations in future interest rates. These movements are costly when the government
needs to roll over its maturing debt. In general, the portfolio that hedges interest rate risk
depends on the expected timing of deficits and how holding period returns comove with the
yield curve. However, in a special case, when primitives are stationary and the government
trades zero-coupon bonds, we show that the portfolio that hedges interest rate risk is straight-
forward. The government allocates a geometrically declining share of its portfolio in debts of
longer maturities. Moreover, these weights only depend on the long-run average of the rate of
return minus the long-run growth rate; so, it requires no rebalancing in response to temporary
fluctuations.

The extent to which the government should depart from full hedging of interest rate risk
depends on how well government bonds can hedge movements in primary deficits and liquidity.
The second and third terms capture these considerations. Movements in primary surplus arise
because of changes in tax rates and because of shocks that are exogenous to policy. We show
that the portfolio that hedges primary surplus risk is determined by the covariance of holding
period returns with the variation in primary deficits independent of fiscal policy.

Households value liquidity services, and therefore, increasing the supply of a security which
has high marginal benefits from liquidity is welfare improving. However, as with taxes, move-
ments in the marginal benefits of liquidity are costly. We show that the liquidity risk term is

determined by a measure of excess liquidity premium and how holding period returns covary



with the liquidity premia on short-maturity debt. Moreover, our formula says that the covari-
ances of primary surplus with returns and covariances of liquidity premium with returns need
to be scaled by the inverse covariances of holding period returns.

We use U.S. data to quantify the above-mentioned covariances using a parsimonious factor
structure. We find that the shape of the overall portfolio is largely driven by the motive to
hedge interest rate risk. These findings reflect the patterns in the U.S. data that covariances
of deficits (or liquidity premia) with returns are small relative to the covariances of returns
with each other. Furthermore, the portfolio that hedges primary surplus risk largely offsets the
portfolio that hedges liquidity risk. Thus, U.S. debts appear to be a poor hedge for primary
deficit and liquidity risks. Compared to observed U.S. debt portfolios, we find the optimal
portfolio has a similar shape but a much longer duration. In addition to its geometrically-
declining-weights shape, we also find that the optimal portfolio requires little rebalancing over
time.

A second difference from classical portfolio theory is that the government, unlike a private
investor, internalizes the effects of its trades on asset prices. The more the planner has to
rebalance a price sensitive security, the more it needs to adjust taxes to raise the same amount
of resources. We show that the these considerations are captured by the elasticities of bond
prices to supply; and they have been extensively measured by segmented markets literature
using evidence from quantitative easing policies. Using these estimates, we find that that the
presence of price impact matters along a transition path but has a relatively small bearing on
the stationary portfolio. The reason for this goes back to our previous finding that portfolio
is largely shaped by by interest rate risk considerations and the portfolio that hedges interest
rate risk requires little rebalancing.

Our findings contrasts to a large macro literature on optimal term structure of government
debt that goes back to the seminal work of Angeletos (2002) and Buera and Nicolini (2004).1
In studying a canonical neoclassical growth model, a typical finding in that literature is that in
the government should issue long-term debt valued at tens or even hundreds times GDP while
simultaneously taking an offsetting short position in short-term debt of a similar magnitudes.
The optimal portfolio massively rebalances after aggregate shocks. Furthermore, the compo-
sition of an optimal portfolio is very sensitive to the menu of traded maturities. In contrast,
we find moderate portfolios which are fairly stable over time. We show that the difference in
findings is driven by counterfactual implications of the neoclassical growth model regarding

the behavior of holding period returns on government debts. Standard parameterizations im-

!Other examples of such findings are in Farhi (2010); Faraglia, Marcet, Oikonomou, and Scott (2018); Lustig,
Sleet, and Yeltekin (2008); Debortoli, Nunes, and Yared (2017)



ply that such returns are very smooth and highly correlated with fluctuations in the primary
deficit, and as a result also with each other across maturities. This allows the government
to hedge its shocks very well but it needs to take extreme debt positions to do so. Viewed
through the lenses of our formula, such models imply that the primary surplus risk hedging
term is very large and time-varying. In contrast, we show that in the U.S. data it is very small

and stable.

2 Baseline environment

Timing and shocks. Time is discrete and infinite. Exogenous disturbances in period ¢ are
summarized by state s; € S C RS. We assume that the state space S is compact, count-
able but can be finite or infinite. The initial state sg is predetermined. History of shocks is
s = (50,....,5¢). We use Pr(s;) and Pr (s¢|s”) for t > T to denote probabilities of s; condi-
tional on information in period 0 and st respectively. Similarly, we use Pr (St\sT) fort > T
for the probability of s' occurring conditional on s”, with convention that Pr (st\sT) =0
if s' does not contain s”. We write st = sT if s’ contains s’. A value of variable z in

state s’ is denoted by (st) or simply x; if it is clear from the context what s' we refer

to. Similarly, we use interchangeably notation Egx. or Eixsys for conditional expectation

S ix Pr (StJrk‘St) Tirk (st+k) .

Securities. We impose minimal structure on asset markets. To make government portfolio
problem interesting, we assume that there exist at least two securities, but the total number of
securities is arbitrary otherwise and may be finite or infinite. A security ¢ is characterized by
an exogenous stream of payments {d;} ,» which can be deterministic or stochastic; the set of
states in which it can be traded; and the set of economic agents who can trade that security.
Without loss of generality, we assume that di (st) C s for all 4, that is that state s; includes
realizations of payments for all securities. The net supply of security ¢ in period ¢ is denoted
by B:, and it can be deterministic or stochastic.

The only restriction we impose on the market structure is that there exists a one period
government bond, that we denote with superscript rf. This security is a pure discount bond
issued by the government in period ¢ that pays d:_{l =1 in all states in period ¢ + 1.

Price of security 4 is denoted by ¢i. If security i cannot be traded by any agent in that
period, we set ¢i = 0. The return of security 4, that can be traded in period ¢ — 1, is defined by
R} = (di +q}) /q4i_,. Excess return is defined as r{ = R} — R:f , where R:f is the return on

a one period government bond issued in period ¢ — 1. Note that the definition of government



bond implies that R:f = l/qﬁl, so that R:f is known at period ¢t — 1.

Economic agents. There are three types of economic agents: the government, households,
and foreign investors. The government needs to finance an exogenous stream of expenditures
Gy. To this end, it collects tax revenues and trades securities. To collect tax revenues, it
imposes a proportional tax 7; on output Y;. Government’s holdings of securities are denoted

by {Bz}l . We write the government budget constraint as
G+ Y aiBi=7Ye+ ) (4 +di) By (1)
i i

To simplify notation, we do not distinguish explicitly in equation (1) between securities that
the government can and cannot hold period ¢ and simply sum over all securities 7. Implicitly,
we set B! = 0 for all securities that the government cannot hold in period t. Initial portfolio
of government securities is {Bi}i1 . We use Xy = Gy — 7.Y; to denote the primary deficit.
There is a unit measure of identical households. Each household produces output y:, pays

taxes, trades securities, and consumes consumption good ¢;. Household’s budget constraint is
Ct‘*‘zngi:(1—Tt)yt+2(q1f+dé) i1 (2)
i i
Household preferences in period are defined recursively via

Vi = Uy (ct, yis {Cﬁbé}z) + BW (Vit1), (3)

where U, is the utility function that may depend on s; and W; is a functional that maps
t + 1 measurable random variables to real numbers. We assume that U, is twice continuously
differentiable in all arguments, strictly increasing in ¢; and decreasing in y;; W, is twice con-
tinuously differentiable and strictly increasing, increasing in first and second order stochastic
dominance,> W; (X) = X for any time-t measurable random variable. Households choose
(c,y, {bl}z) to solve

max  Vp (4)
C7y1{bz}i

subject to (2) and the initial conditions {bl_l}Z We use 3’ Pr (st) M, (st) to denote the La-
grange multiplier on budget constraint (2) in state s'.
This specification of household problem includes a variety of models of asset pricing and

bond demands considered in the literature. The functional W; is taken from work of Ai and

*In other words, Wy (X{41) > W, (X7;;) whenever random variable X¢,, first- or second-order stochastically
dominates Xt2+1.



Bansal (2018) who show that it incorporates a wide variety of models considered in the as-
set pricing literature: the recursive utility of Kreps and Porteus (1978) and Epstein and Zin
(1989); the variational preferences of Maccheroni, Marinacci, and Rustichini (2006a), Mac-
cheroni, Marinacci, and Rustichini (2006b); the multiplier preferences of Hansen and Sargent
(2008) and Strzalecki (2011); the second-order expected utility of Ergin and Gul (2009); the
smooth ambiguity preferences of Klibanoff, Marinacci, and Mukerji (2005), Klibanoff, Mari-
nacci, and Mukerji (2009); the disappointment aversion preference of Gul (1991); the recursive
smooth ambiguity preference of Hayashi and Miao (2011). Moreover, by relaxing the differ-
entiability assumption on Wy, one can extend them to the maxmin expected utility of Gilboa
and Schmeidler (1989), Epstein and Schneider (2003).

Similarly, specifications of U; allows for both preference shocks in the spirit of Albuquerque,
Eichenbaum, Luo, and Rebelo (2016) or imperfect substitutability of financial assets in the
spirit of Krishnamurthy and Vissing-Jorgensen (2012). “Securities in the utility function”
specification of U; can be interpreted as an indirect utility resulting from frictions in asset
markets. Suppose, for example, that the primitive utility function of the household U, (ctyyt)
does not depend on securities directly, but households cannot trade some security j. The
households maximize their preferences defined by utility U; function subject to the budget
constraint (1) and an additional constraint q] bj = 0. This problem equivalently can be written
as maximizing preferences defined by utility function U; = Uy + n,qibi subject to the budget
constraint (1), where 7, is proportional to the Lagrange multiplier this additional no-trade
constraint.? In a similar way one can incorporate borrowing constraints, ”bonds-in-advance”
liquidity services provided by government-issued securities, etc.

Our analysis below will be substantially simplified if we abstract from income effects on

labor supply. To this end, we assume that utility function can be represented as

1+1 /7,
(5:(@( @¥%a/ b ), (5)

where 0; and -, are some (potentially stochastic) positive variables bounded away from zero.
Using the consumption-leisure optimal choice of the household, we can represent a household’s
pre-tax earnings as

Iny, =y In(1—7) + (1+7,)Ino;.

3To be able to write U, in this form, the multiplier on constraint q; b] = 0 should be defined as
t ty Vo Vi1 (s""1) vy oVia(s'h) i i
B'n, (s ) oV, (1) X oo X =gty where v, (1) X o X —5eh is evaluated at the optimum. With
. : . o Vo aV‘—l(Stil) _ t
standard time separable preferences, we simply have oV, (1) X .. A Pr (s ) .



Thus, households earnings are function of tax rate 7, earning elasticity ,, and all other shocks
that are captured by variable 6;.

Finally, the foreign investors are specified by a set of time-t measurable demand functions
D: ({ql}z) for each security 7. These functions are twice continuously differentiable, and can be
stochastic and depend on s;. This specification incorporates a variety of different specifications,
such as closed economy (D} are inelastic with D! = 0 for all 4,t), small open economy (D are
perfectly elastic), noise traders in the spirit of Kyle (1985), or segmented markets in the spirit
of Greenwood and Vayanos (2014).

Definition 1. For given initial conditions {bi_l, Bi_l}i , a competitive equilibrium is a collection

(T,c,y,Y,{bi,Bi,qi}i) such that (i) (c,y,{bi}i) solves (4), (ii) (T,Y,{qi,Bi}i) satisfies
(1), (i1)) y =Y and b + B + D' = B for all i.

3 Optimal public portfolios

Our paper focuses on the analysis of the optimal structure of government portfolio {B% }l chosen
by a benevolent government planner under commitment. Thus, the planner maximizes the
household utility V{y and chooses policy variables (T, {B%}l) such that (T, c,y,Y, {bi, B, qZ}Z)
is a competitive equilibrium. In this section, we use small-noise approximations to the planner’s

optimality conditions to characterize the optimal portfolio.

3.1 Perturbations and approximations

Before we go into specific analysis, it is useful to give a broad overview of our approach.
Take any competitive equilibrium (7',c,y,Y7 {bi,Bi,qi}i). Suppose that the government
decides to slightly perturb its portfolio of securities after some history. For this perturba-
tion to be feasible, that is, satisfy budget constraints, the government would need to ad-
just taxes 7 as well. We parameterize the size of this perturbation by parameter ¢ and use
notation (Tg,cg,yE,YE, {bi,Bi,qi}i) to denote the competitive equilibrium under the per-
turbed policy. For any equilibrium variable z; we use notation O.x; denote the derivative
Ocy = lime_y0 (2, — 24) /€.

Welfare effect from this perturbation as the size of the perturbation goes to zero is, due to



the envelope theorem, given by

AT iZﬁfMt (s) [ Y2 (s") Oere (s7) = D (b (") = by (s"71)) Oeai (5°) | (6)

t=0 st 7

S M W1 (1) OV (') i
R e R T T ARG A

t=0 st

The main take away from this equation is that the welfare effect of the perturbation depends
only on objects that are directly known in equilibrium, such as (M, Y, {b’}l) , and on tax and
price responses 0.7 and {Oeqi}i. This significantly simplifies our analysis. As long as such
tax and price responses can be inferred from the data, one does not need to take a strong
stand on the specific functional forms for household’s preferences or a specific mechanism that
determines asset prices.

If the government’s portfolio in the competitive equilibrium is optimal, then this pertur-

bation cannot increase welfare, so we should have 0.y < 0. By considering the opposite

perturbation with parameter —e, we then establish that optimality requires
9 Vo = 0. (7)

To connect this condition back to the optimal government portfolio we use the government’s
budget. Applying the perturbation to the budget constraint yields

Oc (1Ye) = Y 0cd; (Bi — Biy) = Y 0By = ) (ai +di) 057 1. (8)
Combining budget identity (8) with the optimality condition (7) one can establish conditions
that the optimal portfolio must satisfy.

There are two difficulties that we need to overcome to make this approach operational. The
first difficulty comes from the fact that the mapping between the optimality condition (7) and
the government budget constraint (8) is, in general, non-linear and complicated. The second
challenge is that responses d.7 and {8€qi}i would depend on a specific perturbation e one
considers. Since there are infinite number of different perturbations, in principle, one would
need to know infinite number of possible tax and price responses. This is not very practical.

We overcome both challenges by developing a particular class of second-order expansions of
equilibrium variables. Our approximations techniques build on the ideas used in asset pricing
literature and computational economics, such as Samuelson (1970), Devereux and Sutherland
(2011), Schmitt-Grohe and Uribe (2004), Bhandari, Evans, Golosov, and Sargent (2021). Fix

any state s7. Without loss of generality, we can write vector s* > s7 as

st = Epsy + et = 5¢ + &4,



where Ere; = 0. Consider a sequence of stochastic processes, parameterized by scalar o > 0,
defined as

st (0) = 81 + oey.

Here o = 0 corresponds to a deterministic economy in which all uncertainty is shut down after
state sT. Let z; (o) be any equilibrium variable in the o-economy. We use second order Taylor
expansions of equilibrium conditions with respect to ¢ around ¢ = 0 and use "~” sign to
denote any relationship that hold with equality up to the order O (03) . We use &y, Og ¢, Oyt

to denote zeroth, first and second order terms in expansion, so that in this notation
_ 1
x (0) = Ty + Opxy + 55’00%.

Implicitly, throughout our analysis we assume that equilibrium is sufficiently well-behaved.
In particular, we assume that perturbations €, and —e are feasible for small €; there is a unique
equilibrium for each ¢; and the equilibrium manifold is smooth, so that the limits as € — 0 are
well defined. Similarly, we assume that equilibrium is smooth and unique in o for small values
of this parameters, and that present value of government constraint at each state is finite. We
call such economies regular. While it would be interesting to explore sufficient conditions for
the existence of regular equilibria, that would require imposing additional structure on model’s
primitives that would distract from the main focus of the paper, and therefore we leave such

extensions to future work.

3.2 Tax revenue elasticities and liquidity premium

There are two objects that will appear frequently in our analysis. The first one is taz revenue

elasticity, that we denote by &,, and define by

dln (1,Y;) T
57:1—
gt 6lnTt Tt

1—7
It provides a measure of tax distortions. When &, = 1, the output does not respond to tax
rates and there is no distortions. More generally, 1 — £, measures the deadweight losses from
transferring resources between the government and the households. For our analysis, we will
often require to know by how much the government needs to increase (or decrease) tax rates
in order to raise (or return) 1 unit of resources for households. It is easy to verify that this
value is given by @%

The second object we will use is what we call liquidity premium or liquidity wedge for

security i, that we denote by a! and define by

i BMipr
1—d =F M;;“' (9)




To get an intuition for this definition, consider first any security that households can trade

freely and that does not give them any direct utility benefit. The consumer optimality con-

BMiy1
M

is zero. Therefore, a! for any security i is a measure of additional benefits or costs that

dition with respect to this security is 1 = E; R 41 and therefore the liquidity premium
this security carries beyond transferring resources between periods. In the data, returns on
government-issued debt is often lower than returns on debt issues by private sector, and one
common explanation for this phenomenon is government-issued bonds provides additional lig-
uidity services. Through the lens of our definition, under this explanation private debt carries

no liquidity premium, while public debt has positive liquidity premium.

4 Optimal public portfolios in a small open economy

As equation (7) makes it clear, two types of responses play an important role in determining
optimal policy, the tax response d.7 and the price response {8€qi}i. It will be instructive to
consider first the case in which price response is always zero, as would be in the case of a small
open economy. Many techniques and insights developed in this case will continue to hold more
generally, but the arguments are be simpler and more transparent.

To build the intuition behind forces that determine optimal public portfolio, it is useful to
start with the following thought experiment. Suppose that in period T, in some state s’ the
government reduces tax rates to lower its revenues by e dollars. To offset the revenue fall, the
government also sells e dollars of security j. In period T+ 1 it buys back the same quantity of
security that it sold in previous period, and adjusts tax rates to satisfy its budget constraint
in period T + 1.

Consider the implication of this transaction on tax rates for a small €. Reducing revenues by

e dollars requires lowering taxes by 3% and selling -5 units of security j. Each unit of bond

Yrér @
sold has dJ,,, opportunity cost in terms of dividends and g, units of resources required

to buy it back in period T + 1. Therefore, in period 7'+ 1 taxes need to be increased to

+1e units of resources or tax rates would need to increase by No

J ]
. qp,q,td
raise LA

J €
7 T+1Y7r 16001
additional tax adjustments are needed in any other period and, therefore, the welfare impact

of this perturbation is

9eVo _ 1 ETBMTH R 1
BT Pr (sT) My (sT) Er My Tt er

_ L\ o BMro R ;
- (&) =gt e (g ) e

where in the second line we use the definition of liquidity wedge (9). All period T" variables on

(10)

10



the right hand size are a function of s that we omitted for brevity.

The first line show that welfare impact of this transaction is intimitately tied to the tax
revenue elasticity. This transaction transfers 1 unit of resources from period T+ 1 to period
T with a stochastic return ij +1- Increase in welfare in period 7' from more resources is given

1 . . . . . J 1
by £ while decrease in period 1"+ 1 is given by R, &y

reduction of resources, the benevolent government uses households shadow stochastic discount
BMr 4
Mp -

. To discount the future uncertain

factor

The second equation separates this welfare effect into welfare impact from deadweight
losses (é — 1) and from liquidity premium a{. For concreteness, suppose that security j is a
government bond (so that selling it means that the government issues more debt) and that
it has positive liquidity premium, a{f > 0. If taxes are not distortionary, or when &, = 1 for
all ¢, then W = a]f > 0, so issuing more debt with positive liquidity premium
is welfare improving. In the optimum, the government should be issuing enough debt to
satiate household’s demand for it and bring the liqudity premium to zero. When taxes are
distortionary, issuing more debt in period T entails lower tax rates and deadweight losses
(é — 1) , and higher deadweight losses R]f 41 (ﬁ — 1) in period T4 1. The first two terms
in the second line of equation (10) shows these two effects.

The focus of our analysis is on the optimal composition of the portfolio of government’s
securities holdings. Such portolio can be analyzed by considering a transaction in which the
government sells security j in any period T" and simultaneously conducts the opposite offsetting
transaction with another security. Without loss of generality, we can set the offsetting security
to be the one period government bond. In portfolio is optimal, neither such transaction, nor the
opposite transaction that buys security j financed by selling a one period bond can increase

welfare. Therefore, combining equation (10) for security j and for rf, and setting the net

welfare effect to zero, we obtain

i orf (5MT+1 i (5T+1)_1 )

al — ay! = covr r
T~ ar T+15 —
Mr Er (€T+1)

To the second order of approximation, this can be written as (see appendix)

j af —ap
covr <ln 141, T‘T+1> o~ WRT—H‘ (11)
T
It is instructive to compare this formula to its analogue in the classical portfolio theory

applied to individual investor. In the classical portfolio theory, the investor chooses portfolios

so that covariance of excess returns with her labor earnings is equalized to some measure of

11



covariance of those returns with broad market index adjusted by investor’s risk aversion (see,
e.g. Viceira (2001)). The analogue of investor’s labor earnings in our problem are deadweight
losses 1,1, but that’s where the similarly ends between the two formulas. Neither risk aversion,
nor assets Sharpe ratios or betas appear in formula (11). Instead, the covariance of deadweight
losses and returns is equalized to a measure that is proportional to the excess liquidity premium
that asset j pays over the government risk free bond, a?r — a;f .

To understand the intuition for this result, it is useful to first consider the case when
households can freely trade both assets without any direct utility benefits, so that their liquidity
premia are zero. In this case, equation (11) implies that the government wants to choose a
portfolio that hedgees fluctuation in deadweight losses by minimizing co-movement between
§ry1 and r%, 41- There is no traditional “risk-return” consideration, captured by risk aversion
and covariance of returns for asset j with the broad market index, that are central to the
classical portfolio theory. Since the government is benevolent and can trade the same assets that
households do, its attitude to the risk-return trade-off must be the same as that of households.
Trading an asset with them cannot increase welfare simply because its return appears to be
high relative to risk, since that requires households to hold the opposite view to be willing to
be a counter-party for government’s transaction.

This logic breaks down if households cannot trade these two assets, or when they provide
additional liquidity benefits. Equation (11) shows that the government wants to equalize
covariance of deadweight losses and excess returns to a measure of liquidity wedge, given by
the right hand side of (11). If taxes are not distortionary, then In&, = 0 for all ¢, in which
case optimal portfolio simply eliminates excess liquidity premium on all assets the government
can trade. When taxes are distortionary, this consideration is offset by additional risk to
deadweight losses that such assets carry.

Finally, consider a generalization of the perturbation considered so far. Suppose that the
government rolls over, using the one period bond, the excess return it obtained in period T+ 1
for k more periods and then adjusts taxes in period 7'+ 1 4 k to return (or finance) these

resources. Using the same arguments as before, it is easy to obtain a generalization of (11)

. . R .
k T+1
covr (ln ET 14k T?PH) + covp (AT+17 "”jT+1> ~ ;rrf (a;f — aJT> , (12)
—ar

where Al} 1= Zle aTTfH is the liquidity premium on the risk-free bond accumulated between
period T+ 1 and T + 1+ k.
We now derive implication of this equation for the optimal composition of government

portfolio. Consider the present value of government budget constraint in period 7"+ 1. It can

12



be written as

[oe)
T+t _
Eriq E Qr 1 X1+t = Br T+1 + E Wit | (13)
=1 i>1
where
1 1
ngl =1x
i1 Ty oW g + RT+2 Do MWy + RT+t

are discount rates between period T'+ 1 and T+ ¢, and Ei21 denotes a sum over all assets
i # fr. One can show that to the first order approximation expected excess returns must be

zero, so the first order approximation of the government budget constraint satisfies

=T+t
Z XT+tET+1a QT+1+Z QT+1ET+18 XT+t Z 15) TT+1wT BT+6 <BTRT+1> (14)
i>1
where Q%ﬁﬂ =1 and Qgiﬁ =1x q?ll X oo X q?;t_l for t > 1 is the discount rate calculated

using one period government discount rates. At this point, this is still an identify. It says that
the first order approximation of the budget constraint can be decomposed into fluctuations in
interest rates (the first expression on the left hand side of equation (14)) and fluctuations of
primary deficits (the second expression on the left hand size of (14)). These fluctuations should
be equal to fluctuations in the value of government portfolio, the expression on the right hand
size of (14). As long as the present value of the government budget constraint is finite, this
equation holds in any equilibrium.

To obtain implications for the optimum portfolio, we substitute the optimality conditions
(11) and (12). These conditions show the relationship between returns and tax revenue elastici-
ties &,. To connect it to the expressions that appear in the budget constraint (14), observe that
owing to the assumption of no income effects, we can decompose fluctuations in primary deficit
0,X: into fluctuations attributed to fluctuations in 9, In¢&,, and in fluctuations attributed to

other shocks. In particular, we show in the appendix, that we can write

0o X; = (,Yi0, In€; + 9, X}, (15)

where (; = £t
We now apply thls decomposition to (14), multiply both sides of that equation by 807“% I

, Ct is its zeroth order approximation, and 9, X;- is independent of 9,7;.

and take expectations at time 7', and substitute the optimality conditions (11) and (12) to
characterize the optimal public portfolio.

We summarize the optimal portfolio in the following theorem. Let i = 1,...,1 < oo be the
set of securities, in addition to the one period bond, that the government can trade and let

wr be a vector that summarizes the portfolio of those securities in period T with elements
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wr i) = wiT. Define matrices Z% E% , X7, X and diagonal matrices H?, 117, H? with elements

as shown in the following table.

. rf

. T4+14t 47 4 XT+1
E? [7,t] = covr (ln QTLJF ,T%_i_l) H% [t,t] = ET7T+§/T+t S

. ; Y.
E? [j, t] = covr (AtT+1’7“¥r+1> Hé [t.t] = ETq;‘é—t %;jt Cri14t

. X j . ; j
X [4,t] = covr <]ET§;7J:it7TJT+1 Y7 [4,1] = covr (T1T+177JT+1>

_ ETCT+t . _rf _ J

1% [t,t] = 7<lfa;f)q;f X505t = ap —ay

T+t Yo

Finally, let wp be a vector with elements wr [t] = IETq;f Qrii v

Theorem 1. (i). The optimal portfolio wr satisfies

B
0! g Srwr =~ (ENZ + 35 + (3415 — AT | wr. (16)

(ii). If, in addition, there some I',q such that the following stationary conditions are
satisfied

X1yt  Xr Yriii
~ <, LT
Yroe  Yr

Ertrye = 77, Erypye = v, Er ~ T, ET(JZ}L ~ q, (17)

Yrit

where "~” means that the relationship holds with equality up to order O (o), then the optimal

portfolio wr satisfies

a3 Srwr = [(1-al) TE5F + S - Gras | w. (18)
where w is a vector with elements w [t] = (qT')" .

Theorem 1(i) shows that the optimal public portfolio is determined by the need to hedge
three sources of risk: interest rate risk, captured by matrix ZQ, risk to primary deficits,
captured by Z¥ , and the liquidity risk, captured by X7 and E?. The vector wr shows how
the government discounts different risks inter-temporally. It is equal to the discount rate on
government bonds adjusted by the growth rate of the economy. Finally, matrices H% 117,
and H% are adjustment factors that emerge if there are predictable variations in interest rates,
growth rates, and taxes.

These expressions further simplify if economy is approximately stationary, in the formal
sense defined by equation (17). In this case, adjustment matrices H? , 1%, and H% become
constants that show the relative importances of the three types of risks for the government.

By observing equation (18), one can see that the interest rate risk directly scales of the

amount of debt, %F. To understand why interest rate risk is increasing with debt, observe
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that the interest rate risk emerges because the government needs to adjust its portfolios in
the future, for example, because it needs to roll over existing debt obligations that are coming
due. The larger the outstanding debt obligations are, the costlier the interest rate risk is, and
it plays a larger role in determining the optimal portfolio.

The primary deficit risk is determined by the covariance of primary deficits with returns
(or, to be more precise, the covariance in primary deficits not associated with fluctuations
in tax revenue elasticity). Liquidity risk is scaled by parameter (. Simple algebra shows
that (r = % (ﬁ — TT>2. Cp is decreasing in 77 and reaches 0 at 77 = ﬁ, which
corresponds to the peak of the Laffer curve. To understand why current tax levels affect the
importance of hedging interest risk, it is useful to consider the following thought experiment.
Suppose that government can borrow at cheaper rate than household. Then the government
can help households by borrowing on their behalf. The benefit from this transaction comes
from lower interest rates that the government faces. The cost comes from distortions that arise

from higher taxes that such borrowing must entail. The closer the taxes are to the peak of the

Laffer curve, the larger are relative cost of tax distortions to benefits of liquidity provision.

4.1 Optimal portfolio of public debts

Theorem 1 does not take a stance on which securities the government can trade, and character-
izes the optimal portfolio for an arbitrary set of such securities. The most common securities
traded by the government are government debts of various maturities. In this section we
explore the implications of theorem 1 for the optimal debt maturity.

We assume that the government debts come in the form of pure discount bonds (that is,
a bond that has no coupon payments and pays 1 unit of resources at some specified maturity
date) and that the government can issue debt of any maturity. For the purposes of applying
theorem 1, security ¢ will correspond to a bond that matures in period T+ 14i. In the appendix

we show the following corollary to theorem 1.

Corollary 2. If government portfolio consists of pure discount bonds as described above, then
q;fET ~ Zg. In particular, under stationary condition (17), the optimal portfolio satisfies

wr ~ Wi, where
1
q (1 — a;f>

One implication of the fact that q;f Yp o~ E% is that the government can hedge the

Yr

= »e — (qT) 04 w. 19
4Br T (Q) T ( )

wr=(1—-ql)w+ E;l Z%(—FCT

interest rate risk fully, at least to the order of approximation we consider. Recall that the
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interest rate risk emerges because the government needs to roll over its maturing debt. But if
the government issues debt to match the amount that is due to the expected primary surplus
in future periods then there is no need to roll over debt at all (at least, to the second order)
and so the interest risk is eliminated.

The portfolio that fully hedges interest rate risk becomes especially simple in stationary
economy. In this case, primary surpluses grow at a constant rate and hence the government
chooses a portfolio for which the number of bonds maturing in each period grows with the same
rate. The price of a pure discount bond that matures in period T + t is approximately equal
to ¢', and hence the market values of debts of different maturities form a geometric sequence:
the fraction of market value of debt that matures in period T + ¢ in the total market value
of government debt is equal to (1 — ¢T') (¢T')". This is the first term on the right hand side of
equation (19).

How much the government should depart from full hedging of interest rate risk depends
on how well government bonds can hedge primary deficit and liquidity risks. This is given by
the expression in the square brackets in equation (19). In the next section, we will make an
attempt to estimate the value of this expression using U.S. data and find that it is fairly small.
Thus, U.S. debts appear to be a poor hedge for primary deficit and liquidity risks. This carries
additional implications about which securities U.S. government should invest beyond issuing
public debt. Since public debt can always hedge interest risk fully, the largest gains would
arise from choosing securities that provide a good hedge against primary deficit and liquidity

risks.

5 Quantifying the Optimal Portfolio

In this section, we use U.S. data to measure sufficient statistics that appear in a version of the
formula developed in the previous section. To bring the formula to the data, we need to take
a stand on the market structure, and impose some assumptions on the stochastic processes for
asset prices, deficits, and so on. For the results below, we assume that the government trades
zero-coupon non-state contingent bonds of all maturities. This serves a natural benchmark
(see Angeletos, 2002, Buera and Nicolini, 2004), and well-approximates the portfolio for the
U.S. To keep the number of objects to be estimated tractable, we start with a stronger form
of stationarity on the stochastic processes than equation (17). In particular, we assume that
the conditional means are time-independent. Under these assumptions, we will estimate all
the terms that appear in (19) and then compare the optimal portfolio to the observed U.S.
portfolio.
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5.1 Data

We use quarterly data on prices of U.S. treasury and AAA bonds, a measure of tax rates, and
primary deficits. Most of data spans the period 1952 — 2017, with the exception of data on
the prices of AAA bonds, for which data is only available after 1984. We first describe the
construction of the main variables used in the analysis—excess returns on bonds of different
maturities {ri }jt’ prices of AAA bond {th Adj }jt, primary deficits {X;},, and tax rates

{7¢}. Then, we describe how these data maps to the objects we need to implement our optimal

portfolio formula (19)—that is, covariances {ET, I E%, E%} and constants {q,I',(} .

Bond prices Our formulas require us to measure {ri }j R which are the excess holding period
returns on bonds of all maturities. The holding period returns come from Fama Maturity
Portfolios published by CRSP. There are 11 portfolios, each adjusted monthly, to hold bonds of
maturities in specified interval— starting from maturities of 6 to 60 months in 6 month intervals,
and a final portfolio for maturities between 60 and 120 months. For each portfolio, we take the
center of the interval to which the portfolio’s maturities corresponds as this portfolio’s maturity.
The holding period excess return equals the holding period return minus the nominal short
rate, which is measured by the quarterly 3-Month Treasury Bill, and then we adjust the returns
for movements in expected inflation. The plots of holding period excess returns are in figure
1 and the summary statistics is in table 1. The mean and the volatility of the excess holding
period returns are increasing in the maturity. In figure 1, we see that there is a significant
comovement across the returns.

As an input to measure the liquidity premium, we use data on prices of AAA securities.
Our main source is Treasury.gov which computes High Quality Market (HQM) Corporate Bond
Yield Curve for the Pension Protection Act and uses a methodology developed at US Treasury
to construct corporate bond yield curves by using extended regressions on maturity ranges.
The HQM yield curve represents the high quality corporate bond market, i.e., corporate bonds
rated AAA, AA, or A4

Deficits and Taxes Deficits are measured by the real federal government spending minus
the real federal government revenues from the national income and product accounts. The
real federal government spending is measured by the sum of “federal government consumption
expenditures” and “federal government current transfer payments: government social benefits:

to persons”, deflated by the implicit price deflator for GDP. The real federal government

“For more background information see “https://www.treasury.gov/resource-center/economic-policy/corp-
bond-yield /Pages/Corp-Yield-Bond-Curve-Papers.aspx.”
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Table 1: Summary Statistics for Real Holding Period Excess Returns

maturity mean  std min  25% 50% T75%  max
6 0.08 0.46 -2.37 -0.17 0.05 0.28 248
9 0.15 0.89 -3.68 -0.29 0.07 0.50 5.68
15 0.21 137 -6.00 -0.53 0.15 0.82 8.15
21 0.23 1.70 -7.18 -0.74 0.14 1.03 9.45
27 0.27 2.01 -781 -0.84 0.13 1.31 11.38
33 0.31 221 -850 -0.97 0.07 1.51 12.01
39 0.33 237 -9.68 -1.10 0.07 1.68 11.45
45 0.34 2.53 -10.13 -1.18 0.08 1.64 1247
51 0.36 2.65 -11.10 -1.31 0.07 1.99 1245
57 0.29 293 -11.19 -1.62 0.01 2.00 15.28
90 045 3.25 -12.36 -1.49 0.08 2.12 15.04

Notes: This table records the number of observations, mean, standard deviation, minimum value, 25th percentile,

50th percentile, 75 percentile and maximum value of the sample of real quarterly holding period excess returns

for issues with maturities from 6 months to 90 months. The units of the returns are percents and the unit of

maturity is month.

T
— 90 months
15 — 51 months | |
—— 39 months
27 months
10 + —— 15 months | |
— 6 months
E 5
) B ) \ I
\ | M, MLttt
S o AN (LA A A VL A DI \A’ AL
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| | | | | |
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Figure 1: Time series for quarterly real holding period excess returns for a subset of maturities.
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Table 2: Covariance Matrix for Real Holding Period Excess Returns and Deficits

6m 12m 18m 24m 30m 36m 42m 48m 54m 60m 510yr X/GDP aif
hprx6m 021 039 059 071 081 087 0.89 091 092 095 097 (0.03) 0
hprx12m 039 079 121 148 1.72 185 194 2.00 204 216 227 0.00 0.01
hprx18m 059 1.21 188 231 269 292 3.06 3.17v 324 345 3.61 0.04 0.01
hprx24m 0.71 148 231 290 3.38 3.68 3.89 4.05 4.16 446 4.70 0.11  0.02
hprx30m 0.81 1.72 269 338 4.06 440 4.68 490 504 546 5.80 0.15 0.02
hprx36m 0.87 1.85 292 3.68 440 489 5.18 547 564 6.09 6.56 0.24 0.02
hprx42m 089 194 3.06 3.89 468 5.18 5.63 594 6.15 6.65 7.23 0.30 0.03
hprx48m 091 200 3.17 4.05 490 547 594 642 659 7.15 7.86 0.35 0.03
hprx54m 092 204 324 416 5.04 564 6.15 659 7.01 7.52  8.28 0.40 0.03
hprx60m 095 216 345 446 546 6.09 6.65 7.15 7.52 857 9.17 0.50 0.03
hprx510yr 097 227 3.61 470 580 6.56 7.23 7.86 828 9.17 10.55 0.60 0.04
X/GDP (0.03) 0.00 0.04 0.11 0.15 024 030 0.35 040 0.50 0.60 3.99 0.02
a:f 0 0.01 0.01 0.02 0.02 0.02 0.03 003 0.03 0.03 0.04 0.02 0.00

Notes: This table records the covariances of holding period excess returns and deficits normalized by GDP.

revenues is the sum of “federal government current tax receipts” and “federal government
current receipts: contributions for government social insurance”, deflated by the implicit price
deflator for GDP. In table 2, we list the covariance matrix of returns, deficits (relative to GDP)
and note that although the deficits are positively correlated with returns, the magnitude of the
coaviance is an order of magnitude smaller than the covariances of returns with each other.
Later, we will show that this feature will be key in the what shapes the optimal portfolio.
Our tax rate is measured by the sum of federal individual income tax and social security
payroll tax, from the average annual marginal income-tax rates constructed by Barro and
Redlick (2011). We convert annual observations from Barro and Redlick to quarterly assuming

by setting the quarterly tax to the annual mean.

5.2 Objects required for the formula

We start with the constants {q, L, ¢, g—?} Exploiting the stronger form stationarity, we
substitute the conditional means Eprzp,; with their sample averages. To our order of approx-
imation, ¢ can be estimated as an average of inverse gross return on any security. For our
analysis, we use the average return on the U.S. government’s debt portfolio, and get ¢ = 0.989.

The parameter

¢= (1- 1) @-mi-ra ).
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We set 7 = 0.3 which is the average tax rate from Barro and Redlick (2011), and set v = 0.5
to recover a Frisch elasticity of 0.5. (see Chetty, 2009). We set }3% = —0.25 and T" = 1.0025
to reflect an debt to annual output ratio of 100%, and an annual growth rate of output to be

1%, respectively.

Liquidity premium For our formula we need to estimate the liquidity premium{a{ } From
equation (9), it is clear that we need to take some stand on the SDF M; to measure liqudity
premiums. In this section, we make two assumptions that simplify the construction of {a{ }j .

First, we assume that only government-issued securities provide liquidity services and
households’ liquidity preferences are perfectly substitutable across maturities. Second, we
assume that households can trade (frictionlessly) a “synthetic” risk-free bond that provides no
liquidity services. These assumptions can be expressed as a special case of the utility function
U; in (5) takes the form Uy (-, 5 2 ieg Gibis ‘), with G being the set of securities that are issued

by the government. Under these assumptions, we can use the definition (9) to express

AAArf
1 rf _ q
. at — 7‘)“ ,

NS
qy

where ¢#4477 is the price of a “synthetic” risk-free bond that has no liquidity properties, and

show that

J rf
a, ~a’.

Thus, we just need yields on privately-issued and goverment-issed short maturities bonds

{qf Adrf a ! } to construct liquidity premiums {ai }jt. For {qg4 Adrf }t we make use of the

yield curve for AAA-rated privately-issued zero coupon bonds, and for {q{ ! } , we use the yield
t

on the three month treasury bill. In figure (2), we plot the time-series for our constructed series
!

for a;”.

Orthogonal component of primary deficits For estimating ¥%, we need to construct
XJ_
=T+t For any process z (st), we have
Yrie

0052744 = 2744 = 2744 — Er2r44 + O (0) .

Thus, using expression (15) to substitute for X+ 44y We get

- X , Op X - X7 T
J T+t 2 J o T+t J T+t A
covr | s ~ o“covr | T4, ~covr | rpy = — T 1— X v ) Trit
( Y Y U ErYry 1—7

3
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Liquidity Premia on short maturity bonds
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Figure 2: Time series for liquidity premia on short maturity bonds.

X144t
ErYrit
ErY7+ equals the trend GDP, which is recovered using ErYr ;s = eIV, Then, we construct

To construct , we need to measure ErYr ;. Under the stationary growth assumption,

X4t
ErYrye

rates constructed using Barro and Redlick (2011) data. Finally, the average revenue elasticity

as demeaned deficits relative to trend output. To measure 771, we detrend the tax

£ is backed out from from the average tax rate 7, and the elasticity v that we set to earlier to
X%+t
ErYrit

30% and 0.5, respectively. In figure 3, we plot the time series for . Because tax rates 7

L
X e very similar to L+t
ErYrye Ep

are not that volatile, the statistical properties of Vi

Covariances We now use the time-series for returns, liquidity premium, and orthogonal
component of deficits to construct the required covariances. A well-known concern in using
inverses of covariance matrices in portfolio analysis is sampling uncertainty and how it manifests
as extreme and unstable portfolio weights. For a detailed discussion, see Jagannathan and
Ma (2003), DeMiguel, Garlappi, and Uppal (2007), Senneret, Malevergne, Abry, Perrin, and
Jaffres (2016). These concerns apply equally to bond returns and to address them, we follow
Jagannathan and Ma (2003) and Senneret, Malevergne, Abry, Perrin, and Jaffres (2016). The
main idea is to exploit the fact that most of the variation in returns arises from a small set of
common factors. Then we can use the estimated factor loadings to compute the covariances
and their inverses.

As in Jagannathan and Ma (2003), we start a one-factor structure that implies time-state
independent covariances and later extend it with a GARCH structure to have time-varying

covariances. Assume that
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e deficits normalized by trend real GDP
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Figure 3: Time series for quarterly deficits normalized by trend real GDP using Federal Reserve Economic
Data

T%—‘,—t = g + By STt + Or kEE T4 (20)
X+ Xt
= ax 4+ px = 4 By fre + OXEX T+t (21)
Yo Yoy
In aTTf-.‘rt = Qg+ p,In a;{i-t—l + Bafrit + 0aga, T4, (22)
fret = ot (23)

where mean and variance of each of e, 714, ex 74¢, €a,7+¢ and ey 71 conditional on ¢ are 0

and 1, respectively. Using equation (20)-(23), we can show that

(5, K] = B, 18,07 + Lejyors,
YAk = 2 (1= 0t) »X 5, k] = ok 2 24
Tk = ﬂa/BT,jUf 1—p T ikl = Pxﬂxﬁr,jaf (24)

Also we can show that ) a1
(A=1B%) - (By A7)
0_;2 4 IB;TA—IB'}

2;1 —_ A_l _

where A = diag {O‘% j} . Thus, we can back out the covariances from the estimates of the
g

factor-model. For intermediate maturities, we interpolate the loadings { Br.js Orj }j’ and for

larger maturities outside our sample, we we set them equal to the largest maturities (i.e., 10

years) that we observe.
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Table 3: FACTOR LOADINGS RETURNS

maturity Constant s.e. Factor s.e. Adj. R2 F-stat

6 0.08 (0.02)  0.04 (0.00) 051 263
9 0.15 (0.03)  0.09 (0.00) 0.69 570
15 022 (0.04) 0.4 (0.01) 073 707
21 025 (0.05)  0.19 (0.01) 08 996
27 029 (0.05) 023 (0.01) 0.85 1449
33 0.32 (0.05)  0.26 (0.01) 089 2053
39 0.35 (0.04) 028 (0.01) 0.92 2984
45 0.35 (0.04) 0.3 (0.00) 0.94 4247
51 0.38 (0.04)  0.32 (0.00) 0.95 5278
57 0.31 (0.04) 035 (0.00) 0.95 5176
90 0.46 (0.03) 0.4 (0.00) 0.98 10147

Notes: Estimated coefficients for excess returns factor regressions (20).

We set f; to the first principal component of returns, and estimate (20)-(23) using ordinary
least squares. In table 3, we report the factor loadings on returns. Since the factor captures 90%
of the variation of returns, the factor loadings are all statistically significant, and the factor
loadings { Br.j }j are increasing in the maturities. In table 4, we summarize the remaining
estimates of equations (21) and (22). Both, the orthogonal component of deficits and the
liquidity wedge on the risk-free bond are persistent. The orthogonal component loads positively
on the common factor in returns, while the the liquidity wedge on the risk-free bond loads

negatively on the common factor.

5.3 The Optimal Portfolio

With all the estimates in hand, we can implement the optimal portfolio formula (19). In figure
4, we plot {w;} as a function of the maturities. Overall, we obtain an exponentially declining
shape. The area under the curve is 95%, which means that 5% of the debt is issued insecurity
0, or the risk-free debt. In figure 5, we investigate the sub components—portfolio that hedges
interest rate risk, portfolio that hedges the primary surplus risk, and portfolio that hedges the
liquidity risk. Comparing the blue and the black lines, we find that those two components
offset each other. Thus, the shape of overall portfolio is largely driven the motive to hedge
the interest rate risk. Ovwerall, the fraction of total debt for hedging primary surplus risk

(area above the black line in figure 5) is -17%, and an opposite position of 13% from liquidity
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Table 4: FACTOR LOADINGS ORTHOGONAL COMPONENT AND RISK-FREE LIQUIDITY
WEDGE

orthogonal deficits risk-free liquidity wedge

Constant 0.01 0.01
(0.04) (0.003)
Lag 0.96 0.80
(0.02) (0.048)
Factor 0.01 0.001
(0.00) (0.001)
Obs 240 131
Adj. R 0.91 0.70
F-stat 1235.04 151.4

Notes: Estimation of orthogonal deficits factor regressions (21) and liquidity wedge factor regressions (22).

risk (area under the blue line in figure 5). These magnitudes are driven by the feature that
covariance of deficits (or liquidity wedge) are with returns are small relative to the covariances
of returns with each other. One can gather the intuition for why they mirror each other too.

Substitute the expressions (24) in formula (19) to arrive at

1 Y o Bx ~( BaC 1 _1
w=( qF)W+BUf[<1—qpx> <1—pa> <1—qF 1—paF>]E Br-

The shape of the primary surplus risk component and the liquidity risk component of the

optimal portfolio is inherited from the common vector ¥~!(3,, and the relative magnitudes
depend of the term in the square bracket. Our estimates suggest that the term in the square
bracket is close small because the two terms are of similar magnitude and cancel each otheer.
The economic intuition for the opposite signs comes from the cyclical patterns in deficits,
expected returns, and liquidity premia. After recessions, deficits are high, but also and risk
premia, and liquidity premia are high for a few periods. The opposite is true after booms.
Thus the signs of the conditional covariances of returns and deficits are the same as that of
returns and liquidity premia.

We next compare the optimal portfolio with the U.S. debt portfolio. We use CRSP to get
the amount outstanding and Macaulay duration for all federally issued (marketable) debt.’

Then for each date, we split the outstanding debt in bins indexed by maturities (at quarterly

S5For a few bonds where the duration is absent, we set duration equal to maturity date minus current quotation
date. The CRSP database does not have outstanding amounts for bills. To address this, we supplement the
CRSP data with data from Monthly Statements of Public Debt issued by the US Treasury and fill in the amount
outstanding in bills.
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Figure 4: Portfolio shares of securities with maturities from 2 quarters to 121 quarters
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Figure 5: Sub components of optimal portfolio shares
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Figure 6: Portfolio shares of securities with maturities from 2 quarters to 121 quarters

intervals). In figure 6, we overlay the time-averaged US debt profile with the optimal profile.
The U.S. debt profile starts above the optimal and curves cross each other at around 25
quarters. We find that the US overweights short maturities relative to the optimal. In terms
of Macaulay duration, the optimal portfolio has a duration of about 13 years which is much

larger than the range 5 years that we found for the U.S. debt profiles.

5.4 Time-varying covariances

The statistical model used so far implies that first and second moments are time-independent.
This yielded a optimal portfolio that was stationary. Even with condition (17), our theory
suggests that the portfolio that hedges interest rate risk requires no rebalancing while the
other two hedging components should if {(T, g—?} or {ZT, Z%, Zé, Z%} vary with time. In
this section, we revisit the calculations of the optimal portfolios after allowing for time-variation
in the variances and covariances of returns. We extend the factor model laid out in equations

(20) — (22) so that the parameters ({o,x}, ,0x,04,07) are replaced by univariate GARCH
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processes:
Py
2 _ = § : AR_2 § : AR 2
Ux,t_ax+ a:pgt p+ quat D
Jj=1

where z is a generic place holder for the returns, orthogonal deficits, risk-free liquidity wedge.
We impose that all £’s are standard Gaussian and indepdnent of each other. An immediate

corrolary of this structure is that

St = 0541188} + Aea

where A; now is the diagonal matrix with {aivt} k- Similarly, we have 5X [j, k] = p% Bx 8, a%t 41
and 24 [j, k] = B, ﬁmaf 1 (1 Z") We impose that €f is Gaussian, set P, = Q, = 2 and esti-
mate (Em, {a%p }ngm ) {Ux,q }qSQm) for all z using Maximum Likelihood.

In figure 7, we plot estimated conditional volatilities for a subset of variables. There is
a clear pattern. The volatilities for returns (including the factor) and macro aggregates are
high in the early 80s and the great recession of 2008-2010 and quite stable in the intervening
periods. Keeping everything else the same, periods when the factor is more volatile increases
the covariance of returns, the covariance of returns with output growth (or tax revenues) as
well as the variance of returns. Thus, its effect on the optimal portfolio is ambiguous. In
figure 8, we plot the optimal portfolio net of the portfolio that hedges the interest rate risk.
Quantitatively, we find that the optimal portfolios are stable, in spite of the fact that the

volatities of the returns and factors are quite different in these sub periods.

27



Conditional volatilities: Returns

T T T I
— 90 months

— 51 months
39 months
27 months

\]
T

—— 15 months M\
— 6 months

conditional vol. o, ;
—_
T

Conditional volatilities: Factor

T T T
. 20
“~
(o)
S 15
=
jw}
2 10
=
)
3
5
| | 1 L |
1970 1980 1990 2000 2010
years

Figure 7: Conditional volatilities of returns, and the common factor using the estimated GARH

model
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Figure 8: The sum of shares for the primary surplus and liquidity hedging portfolio
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6 Optimal public portfolios and price impact

The analysis in section 4 was done under the assumption that asset prices do not respond to
the adjustment’s in government portfolios and subsequent tax changes. In this section we drop
this assumption. In general, to study optimal public portfolios when government actions affect
asset prices one needs to know how changes in composition of government portfolios and tax
rates affect returns on various assets. This is ultimately an empirical question. Our theoretical
framework imposes very few restrictions on how asset prices may change in response to the
perturbations we considered in section 4. The literature that estimates such price impacts
using credible, well-identified causal effects is still largely in its infancy, although several recent
papers made important progress in answering this question.

Because of these difficulties, and a lack of a consensus on the model of asset price formation
in the literature, we approach the analysis in this section as follows. We restrict attention to
study the optimal portfolio of government debts, similar to the one we analyzed in section
4. We consider three different models of how bond prices are affected by government’s per-
turbation of its portfolio. We first start with the simplest model, in which we assume that
price of government debt of any given maturity is a simple downward sloping function of the
outstanding quantity of that debt. This model is most simple and transparent, and will allow
us to illustrate many insights very simply. This model is quite popular in both theoretical (e.g.,
Bigio, Nuno, and Passadore (2019)) and empirical (e.g., Hamilton and Wu (2012)) work. We
then consider a model in which prices of debts of different maturities depend on the duration
of government debt. This model is inspired by work of Greenwood and Vayanos (2014), who
both developed a theoretical framework to account for the observed price impacts of changes
in the maturity structure of public portfolios similar to those that we studied in section 4, and
used U.S. data to estimate key parameters of that model. In the empirical part of this section,
we show that parameters estimated by those authors map directly into the sufficient statistics
required by this theory, and use their estimates to re-visit our analysis in section 5. Finally,
the third model we consider is the one where we assume that there are no foreign investors,
economy is closed, and households receive no direct benefits from government bonds. This
model is a version of standard Ramsey models used widely to study optimal public portfolios
(Lucas and Stokey (1983), Angeletos (2002), Buera and Nicolini (2004)). We use this model
to illustrate two insights. First, qualitatively, the economic forces that shape optimal public
portfolios are very similar to the simpler models we consider. Secondly, quantitatively, such
models have strong predictions about the relationship between prices of government debts and

macroeconomic variables, and how such prices respond to changes in government portfolios.

29



Such predictions are difficult to reconcile with the U.S. data.

6.1 Simple price effects

In this section, we assume that government faces a simple downward demand curve for each
maturity of debt that it issues. That is, we assume that the relationship between prices and

quantities for each security are given by
Ing; = A, + A B} (25)

It is natural to assume is that )\i > 0, so prices decline in the amount of outstanding debt
(recall, that under our sign convention, debt is a negative value of BY).

Consider the same perturbation introduced in the beginning of section 4: the government
issues é units of any debt j in period 7" than it then repays in period T+1, with adjusting taxes
in all periods to satisfy its budget constraint. Let ¢; = —b}/Bj} be the fraction of government

debt ¢ held by households. The welfare effect from this transaction be can written as
0 Vo 1 BMpyiq ( 1 ) } , S
—{(—-1)-E By (= 1) ¢+ (1+ o B])
B1 Pr(sT) My (s7) { <§T ) My T e g 011

4 |(& - o) B - (& - o) Bl 26)

It is instructive to compare this expression to equation (10). The term in the curly brackets is

identical in the two cases and captures the smoothing of deadweight losses from taxation. The
second force is the liquidity term a]f, but it is now adjusted by (1 — )\]Tbj ) . Recall that when
a government sells one dollar worth of government bond j, it generates a{f units of welfare
due to the liquidity premium. However, selling bond also lowers its price, and therefore the
market value of holding of that security. This offsets some of the benefits from the additional
liquidity previous. That, all things being equal, welfare is higher if liquidity is provided via
price-insensitive bonds, that have low value of )\%.

Finally, the term in the second line of (27) captures welfare impact of additional revenues
raised or lost due to price changes. To understand this term, observe that price change has a net

e

effect )\Jf (B]T — B%LJ on government budget constraint. Selling -5 units of security lowers

its price by /\Jf. This has no direct resource effect on government blj(Tiget constraint if, besides
engaging in this transaction, government did not trade this security, so that B% — B%_l =0
in the baseline equilibrium. If in the baseline equilibrium, the government trades security j
in period T, then lower prices lead to a shortfall of )\gr (B]T — B%_J dollars of resources if

B% — ng_l < 0 (i.e. government sold security j), and a surplus if it is bought it in period 7.
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The shadow cost of extra resources is 37 My /&p. Similar arguments imply that the marginal
effect of the price impact for households is BTMT)\% (bJT — bjf_l) . By combining these two
effects and re-arranging, we get the second line in equation (27).

Another way to understand the price impact is to observe that we can write

(1 = <z>%> B = [cz% (1 — 1) +(1-¢7) 1} Bj.
T & &
Fraction gZ)JT of government debt is held by domestic households. For such bonds, a dollar
gain from the price impact for the government is a dollar loss for the households. The net
welfare effect is not zero, however, since this extra dollar of revenues allows the government to
decrease tax rates and lower distortions. Therefore, the welfare effect from the price impact on
domestically held bond is proportional to the deadweight loss from taxes, (é — 1). Fraction
(1 — ¢JT> of government debt is held by foreign investors. Since the government does not value
income in the hand of the foreign investors, the welfare effect from the price impact on bonds
held by foreigners is proportional to é

Similarly to the analysis in section 4, to consider optimal portfolio, we combine the opti-

mality condition (27) for bonds j and rf, and set the net welfare impact to zero. This gives

us the optimality condition
BMT lrj . 1 . . . . 1 . .
Bt T — {0 (& - b+ ador) By (& - o) Bl

Mp  &pyy
' 1 ' ' T ' ' 1 r '
- {AT" ( ol + anasTf) By < - ¢Tf_1) BTf_l} (27)

&r Er
The underlying transaction we consider is very similar in flavor to Quantitative Easing (QE)
that central banks of several countries conducted in the aftermath of the 2007 financial crises,
when they issued short debt to purchase debts of longer maturities. We then approximate this
optimality condition to obtain a tractable extension to our optimal portfolio formula.

Before presenting the expansion, it is useful to point out that we need to take a stance on
how parameter )\i depends on ¢. In what follows, we assume that our transaction generates
a price impact of the order of O (02), so that )\i =0 (02). We do it for two reasons. If
price impact is of order lower than o2, then the composition of the optimal public portfolio is
determined essentially exclusively by price impacts.® More importantly, many commonly used
models of asset price determination imply the price impact from QE-style asset swap should be
zero to the zeroth and first-order approximations. For example, this is true both in Greenwood

and Vayanos (2014) that we study in section 6.2 and in closed economy that we analyze in

5See Bigio, Nuno, and Passadore (2019) who analyses a model that closely resembles this case.
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section 6.3. To the zeroth order, there is no risk, and to the first order all risk is price by

risk-neutral agents, so in both cases the transaction we consider involves swapping to assets

with identical expected returns, and all economic agents are indifferent about such swaps.
Applying our approximation, the analogue of equation (11) becomes

-1

; 1—a,
covp <1n§T+1,ro+1) ~ ( T ) [QTTf — aJT}

-
1—af 3 (1
- ( R%j) ( T;l) {)‘JT <€T¢T+ T¢T> )\] <§ ¢T 1) T— 1}

- —1
Erpr ) [1—ay {W<1 o ala ) —rf W(_
() () sty (-
28

A generalized transaction, when the government rolls over excess returns for additional k
periods rather than returning them in period 71"+ 1, has very similar optimality condition,
except there is an additional term covp (Al} 1 rgp +1) on the left hand side of (28). A convenient
simplification is that all price impacts from portfolio adjustments between periods T + 1 and
T + 1 + k disappear from the second order approximation: those portfolio adjustments are

proportional to r%, +1)\rf . and are of order O (%) .

T+1+
It is straightforward to apply the same steps as in the proof of theorem 1 to obtain optimal
portfolio with price impacts. We provide this analysis in the appendix. Here we focus on
additional implications that emerge due to price effects. To illustrate them transparently, we
make several assumptions. We make the same stationarity assumptions (17) as we did in
the proof of corollary 2. In addition, we assume that households hold a fixed proportion of
government debt of each maturity, —bi/B} ~ ¢ for all i, and t € {T,T — 1}, and liquidity
premium is the same for all bonds, a% ~ a for all i. None of these assumptions have material
impact on the points that we want to raise. Finally, we assume that )\;f = 0, so that the one
period bond is the least price sensitive among all government bonds. This is consistent with the
empirical evidence (see Krishnamurthy and Vissing-Jorgensen (2011) and also D’Amico and
King (2013)), and making this assumption will allow to be more concrete about the direction
of impact of the price effects on the optimal portfolio.

As in section 4.1, we assume that government portfolio consists of pure discount bonds of

all maturities. Let BFEFTH) denote the quantity of bond that maturities in period 1" + ¢ that
q(T+1+t)B§ﬂT+l+t)

is held at period T. Let wyp, @7r_1 be a vector with elements wy [t] = I—p and
q(T+1+t)B(T+1+t)
@y [t] = =——5 = That is, wr || is the portfolio share of the bond that matures in
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period T+ 1 + ¢ in period T portfolio, while &wr_1 [t] is a counterfactual portfolio share of the
same bond if the government kept its quantity the same as in period T'—1.Thus, wr [t]—&7p_1 [t]
the market value of rebalancing holdings of bond that matures in period T + 1 4 t adjusted
by the market value of debt in period T'. Finally, let Ar be a diagonal matrix with elements

YT)\(T+1+t)
AT [t,t] = W We have
T

Proposition 3. Under the assumptions of this section, the optimal portfolio of public debts

satisfies
Y- -1
wr ~ (1 —ql)w+ <T> S7 S 4 | 2 — st | | w
qBr 1—ap
_ 1 R
— XTETlAT |:<£ — ¢> (wT — wT_l):| . (29)
T

where expression for xp > 0 is given in the appendiz.

The first line on this expression is identical to (19) and shows the same three hedging
motives — interest rates, deficits, and liquidity risk — as in the previous section. The second
line shows the additional consideration: the cost of portfolio rebalancing, that is proportional

to (wr —@r—_1). An alternative way to write equation (19) is to use the definition of w.

Corollary 4. The optimal portfolio satisfies

1 .
wr = Wi — xpS7 Ar (§ - ¢> (wr —@pr_1).
T

Dy

This corollary provides a way to think about the law of motion of the optimal portfolio.
Each period, there is the optimal portfolio target w7.. This is where ideally the government
would like the portfolio to be, if there were no cost of rebalancing. In the stationary economy,
this portfolio is same as the one that hedges the three risks to the government. Price effects
also have implications for how quickly the government goes to that target. Large price effects
imply higher D7 and hence slower speed of convergence.

In the previous section, we showed that the expression in square brackets in equation (29)
is small empirically, and without price effects the optimal portfolio is approximately given by
(1 — ¢I") w. One property of this portfolio is that in the stationary economy it requires no
rebalancing: if wp_1 = (1 — ¢I') w, then @p_; = (1 — gI') w and therefore wyp = (1 — ¢I") w.
Minimizing rebalancing is exactly the feature the minimizes rollover needs and therefore interest

risk. This property is summarized in the next lemma
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Corollary 5. If the expression in the square brackets in equation (29) is equal to 0 and economy
1s stationary, then

wr = (1—¢l")w.

A more general version of the formula that corresponds to (16) can be obtained if we
dispense with stationarity. We use this generalization to explain how the optimal portfolio

with price effects depends on liquidity premia. We can show that the

B
! YTT~ET°”T ~ [2%2 + 30X+ (9IS — zéné)} wr

(B2 - or-ero]

rfB
- (qT}—/ T) XrArarpwr
T

The first line is same as the case with no price effects (16). The second line is the same as
(29) and captures the cost of adjustment. The new term in the third line that depends on the
liquidity premium. The new term implies that the portfolio weights are adjusted downward
when ar > 0. The reason for the downward adjustment can be understood from our discussion
following equation (27): it is better to provide liquidity with assets that are less price sensitive.
Since we assumed that one period bond is least price sensitive, the government issues more of

this very short bond and less of bonds of longer maturities.

6.2 Greenwood-Vayanos price effects

In this section we consider the implications of price effects implied by the work of Greenwood
and Vayanos (2014). Those authors developed a framework to account for observed price
responses to changes in the composition of government debt and estimated their key parameters
using U.S. data. In their model, government debt is prices by “arbitrageurs” that are equivalent
to our foreign investors. Those arbitrageurs are the marginal investors who purchase debts of
different maturities to maximize their mean-variance utility. “Other investors” can hold some
of government debt but trading frictions prevent them from pricing debt on the margin. Those
are equivalent to our households with trading frictions causing non-zero liquidity wedge.
Greenwood and Vayanos show that in their model price of each debt is a function of
the overall duration of government portfolio, and in the empirical work they consider price

functions of the form

g7 = xgp + AW (Z kB(TT+k)> (30)
k=1
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where the expression in the brackets in the (negative of) duration of outstanding portfolio of
government bonds.

It is easy to verify that in their model /\(Tt) satisfy the restrictions we impose in section 6.1:
/\g,f) are of the order O (02) and the shortest maturity is price insensitive, corresponding to
)\(Tl ) = 0 in our discrete time model.

It is easy to see that our analysis from section 6.1 extends with minimal changes to these
settings. Consider the portfolio swap we discussed above, whereas the government buys € units

of bond of duration t + 1 and decreases holding of a one period bond by —q(T1 +) / q(T1 Je. Tt is

easy to verify that this increases duration, by

_ 1+t 1 (1+1)
OeDr = (T+1+t) (T+1)] ar -
T 4t
and hence prices of each security change by ng(TTH) = )\gf) q(TT+t) [ %fft) — }1)] qé} ), Using
qr dr

the same steps as in the previous section, we establish

Proposition 6. Suppose prices are given by (30). Then formula (29) characterizing optimal

portfolio holds, except matriz At has elements

o 1+i 1 Mvr
Arli,j] = < (T+1+i) (T+1)> (T+145) " (1)
qr ar dr

Thus, the only thing that changes with price prices of the form (30) is the quantitative
properties about the target portfolio and the speed of reversion to it, that depends on matrix
Ar. Qualitatively, all the results of the previous section remain unchanged.

We finally use estimates from Greenwood and Vayanos (2014) to measure Ar [i, j] from the
estimates of a set of regressions of yields on duration of public debt that are reported in their

paper. More specifically, they regress
Iny! = a"™ + b"Dy — " Iny; + noise

where is the duration of public debt. Using the equation (30), we get that )\grn ) — —nox b

While point estimates of ™ vary across maturities, they are not that different statistically. We
therefore, set all b™s equal to the 0.003, which is the mean across all maturities that they report.
We also need to take a stand on how the debt is split between domestic and foreign holders.
In Greenwood and Vayanos (2014) setup, the marginal debt issuances are to foreigners. For
now, we capture this segmentation by assuming that b; ; = 0.

Putting everything together, the mean that the target portfolio in equation (29) simplifies
to

(I + folA)_l [WhePe] = (plarget
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where the w™P¢ is the stationary portfolio when price impact is turned off; the constant z is

given by
(1—7— 77)2 T
S X T T
and the 4,7 element of matrix A are described in by equation (31). We find that the two

xr =

are very similar to each other. This follows from corollory 5 and our earlier finding that the

portfolio without price effects mirrors the portfolio that hedges the interest rate risk.

6.3 Price effects in a closed economy

To be written

7 Conclusion

We study the optimal composition of a government’s portfolio in a large class of macro-finance
models. We derive a formula for the optimal portfolio and show that it can be expressed
in terms of estimable “sufficient statistics”. We use U.S. data to calculate the key moments
required by our theory and show that they imply that the optimal portfolio is approximately
geometrically declining in bonds of different maturities and requires little rebalancing in re-
sponse to aggregate shocks. Our optimal portfolio differs from portfolios prescribed by existing
models often used in the business cycle literature and also from those adopted by the U.S. Trea-
sury. The key normative differences are driven by counterfactual asset pricing implications of
the standard models. A natural extension to our exercise is apply our methods in settings
in which the government lacks commitment. Such models are extensively in the international

finance literature to study sovereign debt. We leave this for future work.
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8 Appendix
8.1 Proofs for section 4

We first prove the following preliminary result.

Lemma 7. §, € (0,14 ,), M; > 0.

Proof. Function 7 is strictly increasing on (—o0,1) interval and its range is (—1,00). Tax

T 1
-7t = 7’

revenues are 7 (1 — 7)7t 0;. It is easy to verify that tax revenues are maximized if

Tt

so the definition of regular equilibrium implies that is bounded away from % Therefore,

1—7’15
& =1 —thztn €(0,147,).
The first order condition for household is
Vo Vi (s'71) ¢ t t
—_— X .. X —2U, =P M .
Vi (1) Ko X av; (s!) )t (‘9) r(s) t(s)

Since W, is strictly increasing, and Uy is strictly increasing in consumption, the left hand side

of this equation is strictly positive, and therefore M; (st) > 0. 0

We now consider properties of approximations. Thought this section we refer to approxima-
tions where uncertainty is shut down after state s. All our approximations work through the
following line of reasoning. Consider any equilibrium condition of the form F' (x7) = 0, where
X7 is a vector of equilibrium variables and F' is some function. When we consider sequences
of economies parameterized by o, this equation should hold for all ¢, so it can be written as
ErF (x741 (0)) = 0. When we expand it with respect to o, we get

o2
F (7)) + 0F, (X7) 0,%7 + 5 (OpoXr)" Fog (X7) OoZr + O (0°) = 0,
where F, (X7) and F,, (X7) are Jacobian and Hessian of F' evaluated at X7. Since this equation

should hold for all o, we must have
F (}_{T) =F, (}_(T) X OyX7 = E (ao'o'}_(T)T F,. ()_(T) OpoXT = 0.

We use these condition (and their generalization for period T+t variables) to derive properties
of approximations X7, J,X7, J,-X7. Once we obtain these, we have the approximation of our
equilibrium objects

xp =x7 (1) 2 Xp + 0 X7 + %awiT.

Lemma 8. (i). f%ﬂ = ET(')UT%+1 =0, dTTf =@ (%arTf = 8gajT for all j.
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(ii). Optimality conditions (11) and its generalization for k period roll over of excess returns

imply that
rf rf j
; Opoty — Opol
T+1 YooY oo p
E7r0y In §T+1807°]T+1 = 1_ Jf 2 ’
; R 9,0a f — Opod? ;
Er0s &p 141 0oy = 1 _Tij MT 2 — _ET&’A%H(%T%H'

(#1i). Equations (11) and (12) hold.

PR
Proof. (i). To the zeroth order, equation (11) is Zp41 = 51\]@—7:;“?—“ = 0. By lemma 7,
T+1

%TT“ > 0 and & 41 < 0o, therefore FQ;F 41 = 0. Since FQ;F 41 = 0, the first order expansion of
(11) implies JET(? s 1= 0. Apply these results to the zeroth and first order expansion of (9)
to show that aT =a},0 a;f = 0o aT This shows part (i) of the lemma.

(ii). The second order expansion of (11) is

BMr.iq ; BMr i1 BMri1
2ET&,< MT+ )aJrJTHH( + ) ( +

>ET8U§T+18 TTH+< My ) ET&,O—T%H =0.

(32)

Mr -/ (el

Applying these results to expansions of equation (9), we have

amfa’TTf - aaaa%“ = 2ET80' (B M7;“+1> aa'r%“-l—l + <B Mj;i_l) ET@UUT%—I-I'

_ Supry
Combine with (32) and observe that Orérin _ —0sIn&p 1 and (MJ@T“) = <1 o > to get
<£T+1) T RT+1
rf

1—a ;
> ErOy 0 & 1061, | =2 (ﬁ) B0y &y 0577, 1. (33)
RT—H

j BMriq
agga;f—agaa%ﬂ =2 (]\4/1—\4»
This yields the first equation in part (ii).

When the government rolls over excess returns for additional k£ periods, the optimality

condition reads

BMry1 Ty [(5MT+2 rf > </3MT+1+k rf ﬂ
E R X .. | ——R, =0.
T Myr €y [\ My T2 Mgy  TH1+k

Expand the previous equation to get

BE M1tk BMp1 BM;iq ;
(W B\ 23“ b 0 (T ) Oori

t+1

1

n <5Mt+1> B M1k P B M1k P
o a 1

My My Q" My QT "

ﬁMtH) B M1k ;
= E:0, In Oyrl. +. 34
( My ) \ M QI ) Se1+400 T 34
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Define In /le 1= Zt 1 In ( —a, +1> The optimality of the household from a rolling over a

“ synthetic” one period risk-free bond gives us

k AAAr AAAr
Myer = B BEMy g RS <o R
— k rf 1 1 1
= Ei 1B M1k Ryps X oo X Rt+1+k X h X P e
— 44 apis at—i—k
_ k rf rf Ak
= BB " Myprpn Ry X oo X Ry X Afy

Multiply by r{ 41 and take expectations as of ¢ :

B M1k [vc }

EtT’j =E T’j — 1L
t+1 thi+1 14k |1
Mi1Qi7

Take second order expansions

Edpord,, = | 2 Mevrck (5] | Erart
" My Qi U "
1

B M1k
([t P
t+1 t+1 Mt+1Q1tgi%+k

B Myy1 ik j ik
I T PR

(Mt+1Qiﬂ+k MR

Simplify to obtain
; B M1k B M1k j ik
B0yl 0y Ltttk Pk Vg 00 g I Ak, (35)

M QI My Qpip ™ i

Subtitute (33) and (35) in (34) to get

<1 — Tf) E lﬁwa:f — &Tga{]
! 2
Rt+1

= EdyIn&y 141, 06r]q + EOor] 10, In AF

Re-arrange to get the second equation in (ii).
(iii). Since
1 A
alf —al ~ 20,4 (atf — ai)

2
and
EyOyr7, 105 In AF, | ~ InAF 7
t0oT4 100 MM Ay = COUT (M A1, T
1—a” ~ 1—ad -
— L covr (ln{T_H, r%+1> ~ ( o T ) Er0, In §T+180rcjp+1
R R
T+1 T+1
we obtain (11). Similar arguments yield (12). O
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8.2 Proof of Theorem 1

We prove this theorem in several steps.
Lemma 9. FEquation (14) holds.

Proof. Due to lemma 8(i), we have

= 1 1 _
T+t _ _ AT+t T4+t _ T+t
QT+1 - orf XX Srf QT+17 ETaaQT+1 = ETagQT+1 for t > 1.
Ry, Ry
This implies that the first order terms in the expansion of (13) is (14). O

Lemma 10. Equation (15) holds.

Proof. The first order expansion of tax revenue elasticity is

_ Tt
0p, = -7 ———50,7t — —— 0y
&t YVt (1 _ 775)2 tT 1= 7 Yt
and therefore
ol Tt (1—74)
OeIné, = ————— | 0Tt + ———— 05| -
! §t (1 - 77't)2 i '

Let R (7¢,7y, 0:) = T+Y; be tax revenues, where Y; = (1 — 74)7t 9;+%. Let 7_277t, ﬁw, ﬁg’t be the

derivatives of this function evaluated at (?t,'_yt, 9t) . We have %—73 = %ﬁ%% = &Y. Therefore
we can write
0sR (Tta Vts Ht) = gthaaTt + ﬁy,taa%: + ﬁe,taaet
- Fe(l—7 e _
= §tY;‘/ |:aa7_t + t(:yt)aa%{| + |:Rfy,t - Eth t(ﬁ/t)] aa%f + Re,taaet
¢ ¢

o _9e _ _
1-7)%Y, 5 2o el — 5
— —gt(’y”)t&, In¢, + { {R%t _ fthTt(,yTt)] Ooyy + Rg’tath} .
¢ t

Primary deficit is Xy = Gy— R (7,7, 0¢) and, therefore,

=2 —\2 _ _
ox, = LT, ey {aaGt - [mt - aﬁ”%”] Ourys - m,taget} |
t

Tt

Eagth
Routine algebra shows that

2 2
Ct EET&? (1 _Tt) :ET(]' — Tt _Tt’Yt) ,
Tt Vi

which verifies equation (15). O
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Yot fort > 1. The optimal portfolio satisfies

Lemma 11. (7). Let wpiy = qTfQ?Lt Yo

oo
E Wt
=1

0 L
 0.X
_ T+t
+ E wT+tETaO'T%“+1 Y
—1 T+t

1 Opoa-! — 0,pd°
—i—l ~ J,f ( —f ZwT+tCT+t) ( L 9 T) (37)

@ X :
A B0y, 1 0p I QR TIH (36)

Yy

a7 =1

—qT Z W4+

qT+t YTJrlthC
rf Y T+1+t

E70s AT+1607“T+1

. -\ . Br
= Z ETaaT%“HaGT%-i-lW%“ Q;f
i>1 Yo

(i). If stationarity conditions (17) hold then wrys = (qI')" and equation (36) becomes

00 X3
(1 —qI) Z D) Erd, rT_H(? an?ﬁH Z D) Erd, T‘T+1 7Tt
t=1 t=1 Y1
B o0
—Gr | ( Z (aD)" Erd, AT 1105 7"T+1
t=1
Br

= E IET&,T%F_H&,T%_HQ% qg—.
>1 Yr
Z_

Proof. (i). Multiply (14) by ”TT“ , take expectation at time 7T, use the fact that RT+1

and Q;ﬁ are time-T' measurable that ETZ?JTT 41 = 0 by lemma 8(i), and that Er0, Inxpyy =

E 80 T+t

o for any variable xr4; to obtain

T+t <> =T+t ; TR
ZQT X 144 Br0y In Q1 0,17, +1+Z Qri 1 Er106 X1140575 1 = | D 06410575, @ | Br.

i>1
Substitute (15):

—T+t YT+t X1t Tt
Er0, In 0, =
Q711 Vo Yooy T n Qi 7°T+1 + E :QT+1 Vo

f J
T T4t YT-{—t 0ol — Ogol
+< _fjf) (ZQH <T+t> otf — Lol

— T+t YT+t
- Z Qrii—; - C:rurtET8 A0
=2

T+t YT+t 0o XT+t6 )
Er T+1
Yrie +

. : . ET
= g E10yr 10517 0y | —.
+1%0 ! T41%T
+ YT

i>1

44



Multiply both sides by cj;f , re-arrange indices so that all summations start with £ = 1 and use
definition of wr4, to obtain equation (36).
(ii). Stationarity conditions (17) imply that

YTth _rf

_ _ _ — Tt R Xrye  Xr
§T+t = £T7 CT+t = CT) YT = Ftv qr = 4, QT+1 = qt 17 wy = (qr)t7 = =

Yree Yro

Therefore, equation (36) becomes

Xr & t T+14tq ,.J - t 8"X7L“+t J
AP D (aD) Erdy n Qi 0pryyy + ) (al) Er— 0y
t=1 t=1 +t

¢ 1 o Dyl — Oypal e 4
- (QZ(qFY) L = (aD) Y (D) Erde A1 9017y

_rf
1—ap =1 t=1

Br

= Byt 101 @ | ¢==.
S Brtura b o2

i>1

. . 00 Yro X B
The zeroth order government budget constraint can be written as >_,°; ¢ —)T/;t —Y;“ = TE’Z
- "

Applying stationarity conditions, we obtain qu(:,—TT = (1—gqI) %. Substitute this into the

previous equation to show part (ii) of this lemma. O

Lemma 12. Theorem 1 holds.
Proof. Consider any three equilibrium variables x741, 2711, 07,1 Where o, satisfies
Z)T+l == ETaU@T+l == 0 (38)

We have

1 1_
Erarii0r1 ~ Er |Oc2r4105071 + §5UT+1600@T+1 , ErxpiEropy ~ Er |:2xT+1aaUQT+1:| )

and, therefore,

Erzryicovr (xr41, 0741) = Brzrpi X [Erzrii0r, — ErarBror ] = 2r1Br0swr 10507

Since both Fgr 41 and a;f - agﬂ satisfy property (38) due to lemma 8(i), equation (36) can
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be re-written as

00 rf [eS) 1
U XT 141 TH1+t j X
ZETU)TH X ETyi X covr <ln QT+1 ,TT+1) + ZETUJTH X covr OISR ST
p—t T4t+1 i—1 TIT ¢t

Er¢ j
ZETwTth X < T pr (an - a]T)

1 Tf)

;o Yriip j
t J
— ZETWT—H X ETqTJ,_tiY Crq14e X COUT (AT+17 TT+1)

t=1

_ i J rfBT

= Covr \ Tr415 T4 WT qr Yo
i>1

Written in the matrix form, this is equation (16). Same arguments applied to the equation

shown in lemma 11(ii) establishes (18). O

Corollary 2 follows from the following lemma.

Lemma 13. Let qrf,f), rgpt) be the period-T price and excess return of a pure discount bond that

expires in period t. Then qéwTH)covT (rg_ﬁ1+t),r%+l> ~ covr (Q;ﬁ“, T%H) for any security
j that the government can trade. In particular, if the government can only trade pure discount
bonds of all maturities and matriz X1 is arranged so that its it column corresponds to bonds

expiring in period T + i, then q;fZT ~ Z?.
Proof. We show that
T T j j
gy TR0, 0,0l | = Brd, n Q0,1 (39)

which is equivalent to q;f ET&,?"?_'F 1195 rgf 41 = Erdy;In Q%HHG rgr 41 in the notation used in
body of the paper. The latter equation implies that g7 ET o~ EQ under the conditions stated

in this lemma due to the same arguments that were used in the proof of lemma 12.

Step 1. (T+1)E 704 g_ﬁ“t)@ar%_kl =Er |0,1n %ﬁ” — 22:1 Oy In <1 — agﬁlﬂ))} 30—7‘%_‘_1.

The definition of returns and liquidity premium imply that

(T+1+4t) BMri1 (14141 1
qr = Er T+1 T (T+1+t)
Mr 1—ay
B A W N
- (T+1+t) = (TH1+t)
My 1—ap 1—aT+t
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Therefore, the excess return is

(T+1+t)
Jry o fre 1
Tr41 - (T+1+t) (T+1)
qr qr
‘M 1 1
Er |20t X oo X
B 1 + Mri1 1_ (T++11+t) 1_ (TT+t1+t) B 1
= i .
(TF170) BMri1 B*Mry1qe 1 1 BMry1 1
1—ap Er [ Mr My “(TTﬂHt) X o X PR S (TT++t1+tT Er “Mr 41_a(TT+1)

Its first order approximation terms can be written as

Mry14 1
~ IET+1a |: Mryi 71— (T+1+t) X Xl (T+1+t):|

My
o T4 _ (1 B a(T+1+t)) V o oS T
oTri1 T BMriq [BtMT_HH 1 . 1]
Mry1  _o(TH1+0) 1_ T F 1+
T+1 Ayt
MT 1 /8 MT+l+t T+1+t)
— IBMT+1 - _(T+1+t) ET—H [80 In——— MT+1 Z 8 In ( aT+k ) + t.m.T,

where "t.m.T” denotes ”terms measurable with respect to time T”. Since angHH) = a}T“)

and ETE)JTT 41 = 0 for any j by lemma 8(i), this equation imply that

t t
(T+14t) 5 j 1 B Mry144 LT+ j
Erdoryy a7y = gy Bren | In— 0 — > 0-In(1—ap, IREARS
4r T+1 k=1
This proves Step 1.
j t M, T+1+k ]
Step 2. Brdy QL 0,r) = Br [0, n 24t = 570 9, (1 -l 1) [ 0,0
By definition of Qgﬁ” we have
BMr2 1 BMr.y3 1 BMr i1yt 1
QT+1+t = ET+1 X ]ET+2 X ... X ]ET+t
T+ Mriy 1 — (TT:Q) Mrio 1 — a(TT:;) Mry 1 g:;”t)
ET+l/8tMT+1+t 1 . 1
ES (T+1+t)
Mrir 1 —ap L —ag,
Therefore,
tM -
Erd, [B M;EH — (1T+2> Ko X 1a(Tim)} O
Erd, In QL AM0,r0, | = T+ Tt
T T+ oTT4+1 -
B Mr 144 1 % . 1
Mrir - (T++12) 1— (Tij:;lﬂ)

B M1y L (T+1+K) j
0o = Eja n (1= aff ™) [ 0]
Step 3. Equation (39) holds.
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Note that

E70, In (1 - a(T,TJerJFt)) (9(,-7’%“ =Ep {ETJrkaU In (1 - a(T:C:?gHt)) } 807*%“

=Er {ET+k3a In (1 - a’EFTJFJ?fHk)) } 0oy = Erd; In (1 - “’EFZZIM)) o1,

where we applied the law of iterated expectations in the first and third equations, and lemma
8(i) in the second equations. This implies that the right hand sides of equations obtained in

Step 1 and 2 are the same, proving (39). O

9 Proofs for section 6

Lemma 14. Equation (27) holds

Proof. Direct computations of equation (6) and (7) for the one-time perturbation yields

LD o () (B () - By () 0! (67) (B (1) - B ()]

—B7 My (s7) [0 (s7) (4 (s7) =¥y (771)) = Oeaid (57) (0 (s7) =05, (7))

oV, OVir_1 (sT=1) oUp (sT ; ;
Y e gv;gsﬁ )a(ZiT(b"T)) r () 0t (+7)

i={j,rf}
b (1)
LT+l M $T+1 T4
B ; T+1 ( ) §T+1 (ST+1)
= 0. (40)

To simplify this equation, observe that households optimality condition for asset ¢ is

oV, OVr_q1 (sT=1) oUr (sT) . ,
o) T EsT) )a(Z;b%;q% () +Pr(s") Mr (s") ar (s7)

- Z Pr (s7H1) BM (s [y (s771) + iy (s7H)],

sT+1

which can be written as

OVr_1 (sT=1) oUr (sT) /0 (¢ib M T+
1— o 5 5 2T-L (s"~1) oUr (") /0 (arby) _ Z Pr (s7+1]s7) BMryy (s") i (5T
oVy (sh) oV (sT) Pr (sT) M (sT) — My (sT)
:aiTYsT).
Our perturbation has 9, B = q% and 8€Br}f = —q}f. From (25), we get that (96(]% = )\jf and
T T

48



8eq;f = —)\TTf . Therefore we can re-write (40) as
o [ 67 (B 67) = B () = (67 (B () = B, (7))
+ [ (5T) (5 (57) =0y (7)) = (T) (0 (57) = 0y (7))
—azby (s7) My (s7) +a’“f by (s7) N (s7)

_zﬂMTﬂ ST 1 (571
M ( ST §r41 (5T+1)

Given then definition of ¢¢, this becomes
BMriq ij+1 { ; ( 1 /1 ,
ET — )\J (b] + CL ¢] _ )\J R v ) a BJ
Mr &rpq T\&r r T\g )T

r T r T 1 T r
{>\ / <€ ¢ f¢Tf> BTf B )\Tf (é‘T - (bel) BTfl} :

Lemma 15. Equation (27) holds

Proof. The generalized optimality condition (28) for k period rollover is

[covT <ln i1k r%+1> + covr (AZ}H, rf_f+1>}
rf\
1 —ap ) rf J
T ar —arg
( RT{H ( )
_£T+1+k 1— an -1 {)\] (1 _ ng +a ¢T> )\J < ¢T 1) . 1}
2 R "\&r T &

— =1
e (1_ad (1 "
g () (- el ) o () i)

T+1
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Under the assumptions % = gb;dgp = dgpf and )\TTf =0 we get that
i (1 ane ) B — . (L 5
€ &

_ Br ?T)\%“ (1 B ¢+GT¢> @%EJT B VT?\% (1 B ¢> 6%“j§%—1 " ﬁ% Ezq

Yr| @ \é& Br ar \&r Br 7r Br
2
Br (VoM. /1 N YoM 1 —j
:jT ]T<_¢+QT¢>W%“_]T j_¢ wéﬂ*l
Yr qr §r qr &r
=L LT < - ¢> (&) + 5 @ro)m;
Yr qr gT ar
Define matrix Ar
?TA% 0
il
ar _
Ap = YZ"Q)‘%

Stack up for all j to get

1—atf
covr (lnfTJer,rTH) + covr (A§~+1,TT+1> ~ — ( T ) [aT —-1- arTf}

S
(G| (- <BT> <1_ >A —&
) @

1

_ §T+1+k 1_a€r’f ) <
2 Ry,

%\‘bd\ ~
SR

> (ar¢) Arwr

Substitute in the budget constraint to get
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00 rf 00 1
Qp X114 TH1+t j X7 j
E Erwrys x Ep AT % covp <1n QTiﬁ ,T‘JT +1) + E Erwryt X covr RR A

=1 YT+t —1 ETYT-i-t’ T+1
o
 ErCryy i vt
ZIETwT+t X (1 - Tf) pr (aT — aly )

F Yriin ;
t j
- ZETU}T-H X ETC]THYiCTHH X covr (AT+17 TT+1)
t=1

"B —al\ 1 Y, N |
_ (‘ITYTT) ( R’“Til ) — (Z Erwrit X ErCr&p H) fij KﬁT - ¢> ( wa_l) + (ar¢) w

dr t=1 qr

XT>0

rf Br
ZCOUT TT—H’TT—H wip ar Yo
i>1

12

In matrix form,

B
S Trwr = [P0 + 55 + (SH115 - SA1) | wr
T

- (q;;f T) XrAr [<€T - ¢> (w] = @) + (@ro) ij]

When the market structure is zero coupon bonds of all maturities, we have shown that ¢7: ET ~

E?. The zeroth order version of (26) means that

B 1\ BMryi4 I _j
- {<5T 1) My e (sm 1>}+“T

Stationary taxes means that &y = & 11 and the previous equation is

BMri1— _j
0 _<§ 1) {1 7 Ry, b+l

The zeroth order version of (9) says that 1 — B A]@T“ RT 1= aT and therefore we get that
=i
a
0=-L — ar = 0.
&r

Following the same steps as in part (ii) of the proof of Lemma (11), we get

“1
57+ Cr <qrf26fr - qFE%)] w
1—ap

— X737 Ar KfT - Cf)) (wr — ‘-A‘)T—l):| .

wp ~ (1 —qI w+<)§]

o1



