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Abstract

We study �uctuations in macroeconomic aggregates and cross-section income

and wealth distributions in a heterogeneous agent model with incomplete mar-

kets and sticky nominal prices. Optimal �scal-monetary policy balances gains

from ��scal hedging� against bene�ts from �redistributional hedging� that re-

sponds to social concerns about inequality. A Ramsey planner uses in�ation

to o�set inequality-increasing shocks to the cross-section distribution of labor

earnings. A calibration that imitates how US recessions reshape that cross-

section distribution in ways documented by Guvenen et al. (2014) indicates that

substantial welfare bene�ts come from making in�ation respond to aggregate

shocks.

Key words: Fiscal hedging, redistributional hedging, a�ne tax schedule, sticky

prices, heterogeneity.
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1 Introduction

The empirical labor literature has documented that dispersions of labor earnings, as-

sets, and other measures of inequality comove with aggregate business cycle �uctua-

tions. Meanwhile, the quantitative macroeconomic literature that studies the conduct

of monetary and/or �scal policy over the business cycle relies almost exclusively ei-

ther on a representative agent assumption or on highly stylized and simpli�ed models

of heterogeneity. We want to know how their treatments of heterogeneity a�ect the

reliability of the the quantitative prescriptions that arise from the existing optimal

policy literature. The goal of this paper is to explore the conduct of the monetary

and �scal policy in a workhorse New Keynesian model augmented to �t rich hetero-

geneity across agents and other empirical facts regarding co-movements of aggregate

variables and measures of inequality.

We study a New Keynesian economy populated by a continuum of heterogeneous

agents who are subject to idiosyncratic wage risk. Agents di�er in both the permanent

and transitory components of shock processes that we calibrate to emulate dynamics

of the distribution of U.S. labor earnings documented by Guvenen et al. (2014).

Financial markets are incomplete and cannot provide perfect consumption smoothing.

Agents di�er in their equity holdings and their abilities to access �nancial markets.

We study how the Ramsey planner optimally sets nominal interest rates, transfers

and proportional labor taxes in response to aggregate shocks.

A key challenge is computational. Existing methods that study economies with

heterogeneity, incomplete markets, and aggregate shocks mainly focus on approxi-

mating the ergodic state of a competitive equilibrium for a given set of policies and

cannot easily be extended to answer normative questions. Ramsey problems entail ad-

ditional challenges. First, because it contains Lagrange multipliers on individual and

aggregate forward looking constraints, the part of state variables that summarizes the

history dependence for the planner makes the state vector larger than what is needed

to characterize ordinary competitive equilibria. Second, due to market incomplete-

ness, some elements of the state space exhibit extremely slow rates of mean-reversion,

implying that an approximation around the mean of the invariant distribution poorly

approximates an optimal policy during a transition from a given distribution of state

variables calibrated to data.

This paper contributes a new computational technique that allows us to optain
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good approximations to optimal government policies for economies with such large

state spaces. Our numerical methods build on perturbation theory that uses small

noise expansions with respect to a one-dimensional parameterization of uncertainty as

in Fleming (1971), Fleming and Souganidis (1986) and its applications in economics

as in Anderson et al. (2012) among others. These are related to but di�er from

expansions in Judd and Guu (1993, 1997) and Judd (1996, 1998) that explore small

noise expansions with respect to shocks and state variables about a deterministic

steady state. We repeatedly take Taylor expansions of policy functions around a

current state vector with respect to a parameter that scales both idiosyncratic and

aggregate shocks. The current state vector can include a distribution of idiosyncratic

states. We thus update the point around which local approximations are taken each

period. This makes our approximations accurate even in settings where transition

dynamics are slow.

To manage heterogeneity, we approximate the distribution of individual state vari-

ables using a discrete grid with a su�ciently large number of points. Our contribution

here is to derive explicit formulas for coe�cients occurring in the expansions of indi-

vidual agents' and aggregate policy functions. We show that these formulas require

matrix inversions of manageable dimensions, often equal to the number of aggregate

variables, and that they can be e�ciently computed. In this way, our procedure al-

lows fast approximations even for a large number of agents and we can also construct

impulse responses that account for how distributions across agents evolve after an

aggregate shock. In Section 3.3 we elaborate on the speci�c steps in our algorithm

and the how our method compares to other approaches found in the literature.

Applying our methods to a calibrated New Keynsian economy with heterogeneous

agents, we �nd that attitudes about inequality induce the planner to use �scal and

monetary tools to redistribute towards agents who are especially adversely a�ected

by a recession. Monetary policy ties nominal interest rates to real rates by keeping

expected in�ation near zero. While setting expected in�ation close to zero, it is still

desirable to have high unanticipated in�ation in recessions because that redistributes

from agents with high holdings of nominal bonds towards agents with low holding

of nominal bonds. An optimal plan induces such surprise in�ation by increasing the

tax rate, which raise real wages and marginal costs for �rms. Furthermore, as in

data, recessions in our calibrated economy are accompanied by persistent increases

inequality. This generates a motive to redistribute labor income from productive
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agents and to increase transfers. The planner achieves this by keeping marginal labor

tax rates high long after output had recovered.

Quantitatively we �nd that in response to a productivity shock that lowers output

by 2%, there is a nearly permanent increase in the labor tax rates of about 1.5

percentage points and a 0.3 percentage points jump in in�ation for one period. As

a point of comparison, the optimal tax rate and in�ation in a economy without

heterogeneity such as Siu (2004) and Schmitt-Grohe and Uribe (2004b) are an order

of magnitude lower for similar shocks. Similarly, an economy with constant tax rates

and nominal interest rates following a Taylor rule estimated using U.S. data generates

a higher in�ation response of about 1.5 percentage points with the mean reversion

identical to the underlying shock.

We begin by describing our model and some properties of the Ramsey allocation

in Section 2. The numerical method and its comparison to alternative are discussed

in Section 3. We use our method to obtain quantitative results in the calibrated

economy in Section 4. Section 5 concludes.

2 Environment

A continuum of in�nitely lived households face idiosyncratic shocks to their produc-

tivities. Individual i's preferences over stochastic processes for a �nal consumption

good {ci,t}t and labor supply {ni,t}t are ordered by

E0

∞∑
t=0

βt

[
c1−ν
i,t

1− ν
−
n1+γ
i,t

1 + γ

]
, (1)

where Et is a mathematical expectations operator conditioned on time t information

and β ∈ (0, 1) is a time discount factor.

Exogenous fundamentals include aggregate labor productivity θt, a cross section

of relative skills {θi,t}i,t, and government purchases gt of the �nal consumption good.

These exogenous processes are all functions of a state st that is governed by an

irreducible Markov process that takes values in S: θt = Θ(st), θi,t|θi,t−1 ∼ FΘi(·|st),
and gt = G(st). We let st = (s0, ..., st) denote a history having joint probability

density π(st). We often use zt to denote a random variable with a time t conditional

distribution that is a function of history st. Occasionally, we use the more explicit
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notation z (st) to denote a realization at a particular history st.

We denote the nominal price of the �nal consumption good at time t as Pt, mea-

sured in dollars per unit of the consumption good. Agents trade a one-period risk-free

nominal bond with each other and with the government. A bond that pays b̌t dollars

for sure at t + 1 costs qtb̌t dollars at time t and is worth b̌t
Pt+1

units of time t + 1

consumption. Consequently, Rt+1 = Pt/Pt+1qt is the gross real return on the bond

measured in units of time t + 1 consumption good per unit of time t consumption

good. In�ation makes this real return risky. Denote Pt+1

Pt
= 1 + πt+1, where πt+1 is

the net in�ation rate, and qt = 1
1+it

, where it is the nominal interest rate. The real

gross rate of return on the bond is Rt =
(

1+it−1

1+πt

)
. We let bt ≡ qtb̌t denote a value of

b̌t measured in units of the time t �nal consumption goods. From now on, we express

budget sets in terms of Rt and bt. We take as given an initial price level P−1 < ∞
and set i−1 = β−1 − 1.

Agent i who works ni,t hours supplies e(θt+θi,t)ni,t units of e�ective labor to a

competitive labor market at nominal wage wtPt. There is a common proportional

labor tax rate τt and a common lump transfer TtPt. Agent i's budget constraint at

t ≥ 0 measured in units of the �nal consumption good is

ci,t + bi,t = (1− τt)wte(θt+θi,t)ni,t + Tt +Dt +

(
1 + ιt−1

1 + πt

)
bi,t−1, (2)

where Dt are dividends from intermediate goods producers measured in units of the

�nal good.1 The government budget constraint at time t is

gt + Tt +

(
1 + ιt−1

1 + πt

)
Bt−1 = τt

∫
i

ni,td i+Bt,

where Bt is the value of one-period government debt maturing at time t+1 measured

in units of the �nal consumption good at time t.

The �nal good Yt is produced by competitive �rms that use a continuum of inter-

mediate goods {yt(j)}j∈[0,1] in a production function

Yt =

[∫ 1

0

yt(j)
ε−1
ε dj

] ε
ε−1

.

1We assume that ownership claims to �rms are distributed uniformly across households and �xed
over time. See footnote 2 for rami�cations of this assumption.
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The �nal good producer takes the �nal good prices {Pt} and intermediate goods prices

{pt(j)} as given and solves

max
{yt(j)}j∈[0,1]

Pt

[∫ 1

0

yt(j)dj

] ε
ε−1

−
∫ 1

0

pt(j)yt(j)dj. (3)

Outcomes of optimization problem (3) are a demand function for intermediate goods

yt(j) =

(
pt(j)

Pt

)−ε
Yt, (4)

and a nominal price satisfying

Pt =

(∫ 1

0

pt(j)
1−ε
) 1

1−ε

.

Intermediate goods yt(j) are produced by monopolists having linear technologies

yt(j) = ñ(j).

These monopolists face downward sloping demand curves
(
pt(j)
Pt

)−ε
Yt and choose

prices pt(j) while bearing quadratic Rotemberg (1982) price adjustment costs ψ
2

(
pt(j)
pt−1(j)

− 1
)2

measured in units of the �nal consumption good. Firm j chooses prices {pt(j)}t to
solve

max
{pt(j)}t

E0

∑
t

βt
(
Ct
C0

)−ν {[
pt(j)

Pt
− Wt

Pt

](
pt(j)

Pt

)−ε
Yt −

ψ

2

(
pt(j)

pt−1(j)
− 1

)2
}
, (5)

where for convenience we arbitrarily impose that a �rm values pro�t streams with a

stochastic discount factor that is driven by aggregate consumption Ct =
∫
ci,tdi.

2

Market clearing conditions in labor, goods, and bond markets are:

Yt = Nt =

∫
e(θt+θi,t)ni,tdi (6)

2Since we arbitrarily assume that holdings of claims to �rms are time-invariant, we have to take
a stand on how �rms are valued. Using aggregate consumption to drive a stochastic discount factor
process has the advantage that it allows us to get a representative agent economy as a special case
of our heterogeneous agent economy by appropriately setting some of our parameters. This choice
aligns with Kaplan et al. (2016).
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Ct = Yt −
ψ

2
π2
t − gt (7)∫

i

bi,tdi = Bt for all t ≥ −1. (8)

De�nition 1. An allocation is a sequence {ci,t, ni,t}i,t . A bond pro�le is a sequence{
{bi,t}i , Bt

}
t
. A price system is a sequence {wt, Rt, Pt}t. A �scal-monetary policy is

a sequence {τt, Tt, it}.

De�nition 2. Given an initial bond distribution
(
{bi,−1}i , B−1

)
and initial price

levels p−1(j) = P−1 for all j, a competitive equilibrium is a �scal-monetary policy

{τt, Tt, it} and a sequence
{
{ci,t, ni,t, bi,t}i , Bt, Rt, wt, Pt

}
t
such that (i) {ci,t, li,t, bi,t}i,t

maximize (1) subject to (2) and natural debt limits; (ii) �nal goods �rms choose

{yt(j)}j to maximize (3); (iii) intermediate goods producers prices solve (5) and their

prices satisfy pt(j) = Pt; and (iv) market clearing conditions (6), (7) and (8) are

satis�ed.

A Ramsey planner orders allocations by

E0

∫
ωi

∞∑
t=0

βt

[
c1−ν
i,t

1− ν
−
n1+γ
i,t

1 + γ

]
di, (9)

where the Pareto weights satisfy ωi ≥ 0,
∫
ωidi = 1.

De�nition 3. A Ramsey problem seeks a monetary-�scal policy that supports a

competitive equilibrium allocation that maximizes (9). A maximizing monetary-�scal

policy is called a Ramsey plan; an associated allocation is called a Ramsey allocation.

2.1 Ramsey plan

We impose natural debt limits. A consequence is that government debt Bt is inde-

terminate. A Ramsey in�ation rate, labor tax rate, present value of transfers as well

as individual agents' consumptions, labor supplies, and net asset positions bi,t + Bt

are determined at each date and history, but government debt Bt is not. Bhandari

et al. (2016) discuss related Ricardian equivalence results. We can set Bt = 0 without

a�ecting equilibrium prices or allocations.

Household and �rm optimality conditions comprise �implementability constraints�

on a Ramsey allocation. Natural debt limits ensure that all �rst-order conditions
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are interior. Standard arguments3 ensure that
{
{ci,t, ni,t, bi,t}i , Bt, Rt, wt, Pt

}
t
is

a competitive equilibrium if and only if resource constraint (7) and the following

restrictions are satis�ed:

(1− τt)wte(θt+θi,t)uci,t = uni,t (10)

uci,t = βEt
[

1 + it
1 + πt+1

uci,t+1

]
(11)

uci,t

[
ci,t − Tt −

{
[1− wt]Yt −

ψ

2
π2
t

}]
+uni,tni,t+uci,tbi,t =

uci,t(1 + πt)
−1uci,t−1bi,t−1

βEt−1uci,t(1 + πt)−1

(12)

Yt [1− ε (1− wt)]
ψ

− πt(1 + πt) + Etβ
(
UCt+1

UCt

)
πt+1(1 + πt+1) = 0. (13)

Constraints (10) and (11) are agent i's �rst-order conditions with respect to ci,t, ni,t

and bi,t; (12) is agent i's budget constraint scaled with marginal utilities at time t.

Constraint (13) comes from imposing symmetry condition pt(j) = Pt in intermediate

�rms' �rst-order conditions with respect to pt(j).

The �rst-order approach version of the Ramsey problem is to choose an allocation

that maximizes (9) subject to (10)-(13) and (7). Appendix A describes a recursive

formulation of this problem and lists �rst-order necessary conditions that characterize

a Ramsey allocation.

The presence of expectations of future variables in equations (11) and (13) prevent

the Ramsey problem from being recursive in natural state variables and make a Ram-

sey plan time-inconsistent. Ultimately, this is because the Ramsey plan recognizes

e�ects of the government's future actions on earlier private sector choices. In this

regard, our setting has a special property because of the workings of the Rotemberg

model of price stickiness that leads to implementability condition (13).

Proposition 1. Constraint (13) does not bind at a Ramsey allocation.

Proof. Consider an allocation, bond pro�le, price system, and �scal-monetary policy

{ci,t, ni,t}i,t ,
{
{bi,t}i , Bt

}
t
, {wt, Rt, Pt}t, {τt, Tt, it} that satis�es resource constraint (7)

3For example, see Chari et al. (1994).
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and all implementability constraints except (13), and let W
(
{bi,−1}i , B−1, P−1

)
be

the allocation's value to the planner (9). We can construct an alternative price system

and �scal-monetary policy that satis�es (13) and attains W . First, choose a sequence

{ŵt}t that makes constraint (13) satis�ed. Then choose {τ̂t, T̂t}t so that

(1− τ̂t) ŵt = (1− τt)wt

and

T̂t + ŵYt = Tt + wtYt.

Evidently {ci,t, ni,t}i,t ,
{
{bi,t}i , Bt

}
t
, {ŵt, Rt, Pt}t, {τ̂t, T̂t, it} satis�es (10)-(13) and is

thus implementable. Furthermore, since the allocation, {ci,t, ni,t}i,t is unchanged, the
value W that the planner assigns to the allocation is unchanged.

Proposition 1 prevails because a planner can attain desired marginal costs of in�ation

by �rst setting τt and then adjusting transfers Tt to assure that the government budget

balances. As a consequence, our setting does not activate the time-inconsistency of

optimal in�ation policy analyzed by Kydland and Prescott (1977), Calvo (1978),

Barro and Gordon (1983), Eggertsson and Woodford (2006), and Werning (2011).

When costs of adjusting prices become arbitrarily large (i.e., ψ → ∞), the price

level Pt approaches a constant and πt → 0 in any competitive equilibrium. As a

corollary of Proposition 1, the set of implementability constraints (10)-(13) simplify

and the model specializes to become one in which households trade a real risk-free

bond and the planner has only the instruments {τt, Tt}t.
Our next proposition highlights trade-o�s that in�uence a Ramsey tax rate and

transfers. Let {βtµi,t}i , β
tλt be Lagrange multipliers on implementability constraints

(12) and the feasibility constraint (7), respectively. Let li,t = wte
θt+θi,tni,t be pre-tax

labor income of agent i at time t. De�ne µ̂i,t = µi,t − ωi as the marginal cost to the

planner of extracting resources from agent i.

Proposition 2. An optimal labor tax rate satis�es

1

1− τt
=

(
m̄t

λt

)(
1− covt(l̄i,t, m̄i,t)

)
, (14)

where mi,t = uci,t[µ̂i,t(1 + γ) + γωi], m̄t =
∫
uci,tωidi, m̄i,t =

mi,t
m̄t

, and l̄i,t =
li,t∫
li,tdi

.
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The mi,t's are Pareto-weights adjusted for marginal utilities of consumption uci,t and

distortionary cost of raising revenues, as measured by the µ̂i,t. The adjusted weights

tell how the planner evaluates the marginal e�ects of perturbing taxes or transfers on

agent i.

Equation (14) expresses how the planner copes with his main trade o� in respond-

ing to an aggregate shock.4 The planner can respond to an aggregate shock either by

adjusting transfers, which leads to �uctuations in equality represented by
∫
uci,tωidi,

or by changing the tax rate, which leads to a dead-weight loss captured by λt and

partly through the conditional covariance between earnings and the adjusted weights

{mi,t}. At an optimum, the planner equalizes marginal welfare costs arising from

these two types of distortion. Other things being equal, he chooses to set the la-

bor tax rate to be high either when inequality in consumption is high or when the

dead-weight loss of taxation is low.

In two special cases, the weights m̄i,t can be evaluated analytically. Suppose that

σ = 0 so that preferences are quasi-linear in consumption. Then (14) simpli�es to

1

1− τt
=
(
1− γcovt(l̄i,t, ωi,)

)
(15)

and mi = 1 − γ(ωi − 1). Equation (15) implies that τt should �uctuate only if the

relative distribution of skills {θi,t} varies with aggregate shocks. In the U.S. recently

it has varied in this way. Using administrative data, Guvenen et al. (2014) document

that the U.S. labor earnings distribution varies over time. In section 4, we calibrate

parts of our model to match this evidence and show that forces underlying formula

(15) prevail even when σ > 0.

Formula (14) is closely related to classical results on optimal commodity taxation

and redistribution presented by Diamond (1975) and Atkinson and Stiglitz (1976).

They studied optimal commodity taxes in static settings and derived formulas for

optimal tax rates in terms of average elasticities, on the one hand, and cross section

covariances that measure inequality, on the other. If we were to turn o� savings and

impose bi,t = bi,−1 we would get a special of our model that would �t their analysis.

4The cross-section covariance covt(l̄i,t, m̄i,t) =
∫

(l̄i,t−1)(ωi−1)di in equation (14) conditions on
the history of aggregate shocks.
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In that static model, formula (14) would reduce to

1

1− τ
= −

(
cov(ωiuci, li)− Y ((1 + γ)γ−1λ− 1)

λε̄

)
, (16)

where σi = −ucci(s)ci(s)
uci(s)

[1 − T (s)
ci(s)

] is the elasticity of substitution with respect to con-

sumption (net of transfers) for agent i, and ε̄ =
∫ (

1−σi
σi+γ

)
lidi.

3 Numerical Method

We describe the numerical method that we have used to approximate Ramsey plans.

The method works in dynamic settings that have extensive heterogeneity across in-

dividuals.

We begin with notation. Let z be a vector of individual states and let Z be a space

of possible values of z. Let Ψ be a distribution over Z. Let ε, E be idiosyncratic and

aggregate shocks that take values in a compact set. Let ỹ (z,Ψ, ε, E) be the vector of

choices of the government that we denote by z̃ (z,Ψ, ε, E). These include next period

state variables. It will be convenient to de�ne a matrix Q that selects state variables

z̃ from the vector ỹ, i.e., z̃ = Qỹ. The aggregate variables are Ỹ (Ψ, E). Let Nz,

Ny, and NY be numbers of elements in z, y, and Y respectively. Finally, let Ez,Ψ
be mathematical expectations over idiosyncratic and aggregate shocks conditional on

the state variables z,Ψ and let Ez,Ψ,E denote the expectation over idiosyncratic shocks

conditional on the state variables and the aggregate shock E .
An optimal policy solves a Bellman functional equation

V (Ψ) = max
ỹ,Ỹ

Ez,Ψ
[∫

Z

Ez,Ψ,E [u(y, ·, ·)]dΨ + βV (Ψ̃ (Ψ, ·))
]

(17)

where the maximization is subject to

E
(
z,Ez,Ψỹ (z,Ψ, ·, ·) , ỹ(z,Ψ, ε, E), Ỹ (Ψ, E), ε, E

)
= 0 ∀z,Ψ, ε, E , (18)

and ∫
Z

Ez,Ψ,ER(z, ỹ(z,Ψ, ·, E), Ỹ (Ψ, E), ·, E)dΨ = 0 ∀Ψ, E (19)

Ψ̃ is generated by z̃.
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This is an ex-ante Bellman equation, a perspective that is useful for optimal pol-

icy problems with incomplete markets. The function E captures constraints that

hold for each individual, for example, budget constraints, Euler equations, and other

conditions necessary for individual optimality. The function R captures aggregate

constraints such as resource feasibility and the government's budget constraint.

First-order necessary conditions for the problem on the right side of the Bellman

equation imply functions F and G that satisfy

F
(
z,Ez,Ψỹ (z,Ψ, ·, ·) , ỹ(z,Ψ, ε, E),Ez̃(z,Ψ,ε,E),Ψ̃(Ψ,E)ỹ

(
z̃ (z,Ψ, ε, E) , Ψ̃(Ψ, E), ·, ·

)
, Ỹ (Ψ, E), ε, E

)
= 0

∀z,Ψ, ε, E (20)

∫
Z

Ez,Ψ,EG(z, ỹ(z,Ψ, ·, E), Ỹ (Ψ, E), ·, E)dΨ = 0 ∀Ψ, E . (21)

The functions F and G have structures that take the form of implementability con-

straints; the functions E and R capture the individual and aggregate constraints

respectively. The fourth argument in F captures Euler equations for the planner

that arise from �rst-order conditions with respect to future state variables and the

Envelope conditions.

Consider a family of stochastic processes parameterized by a positive scalar σ,

where each shock (ε, E) is scaled by σ. Let ỹ (z,Ψ, σ · ε, σ · E ;σ) and Ỹ (Ψ, σ · E ;σ)

denote the policy functions when the scaling parameter is equal to σ. The Taylor

expansion of the policy functions with respect to σ around σ = 0 is

Ỹ (Ψ, σE ;σ) = Ỹ (Ψ, 0; 0) +
N∑
n=1

(
σn

n!

)
∂n

∂σn
Ỹ (Z,Ψ, σE ;σ)

∣∣∣∣
σ=0

+O(σN+1) (22)

and

ỹ (z,Ψ, σε, σE ;σ) = ȳ(z,Ψ, 0, 0; 0)+
N∑
n=1

(
σn

n!

)
∂n

∂σn
ỹ (z, Z,Ψ, σε, σE ;σ)

∣∣∣∣
σ=0

+O(σN+1)

(23)

where ∂n

∂σn
denotes the nth derivative of the policy functions with respect to σ evaluated

at σ = 0. As long as the functions are su�ciently smooth, the higher order terms in

the expansions asymptote to zero at the rate O(σN).
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Our approximation procedure exploits the observation that the derivatives that

appear in the sum on the right hand side of the expansions (22) and (23) can be

computed fast and e�ciently even for very large state spaces. For expositionary

purposes we focus on the second order expansion, although the same procedure can

be applied for arbitrary N . When N = 2, formula above for Ỹ yields

Ỹ (Ψ, E ; 1) ≈ Ȳ + (YEE + Yσ) +
1

2

(
ETYEEE + 2YEσE + Yσσ

)
, (24)

where bars denote policy functions evaluated at σ = 0, i.e. Ȳ ≡ Ỹ (Ψ, 0; 0), and

YE , Yσ, YEE , ... denote �rst- and second-order derivatives of Ỹ with respect to the

second and third terms evaluated at σ = 0. A similar expansion holds for ỹ(z,Ψ, ε, E)

with ȳ, yε, yE , ... all de�ned analogously. The next two steps illustrate how these are

computed.

3.1 Step 1: computing points of expansion

We �rst calculate
(
ȳ, Ȳ

)
. Equations (20) and (21) at σ = 0 are

F
(
z, ȳ, ȳ, ỹ

(
z̄, Ψ̄, 0, 0; 0

)
, Ȳ , 0, 0

)
= 0 ∀z,Ψ, (25)

∫
Z

G(z, ȳ, Ȳ , 0, 0)dΨ = 0 ∀Ψ. (26)

This is a sequence of equations corresponding to a deterministic economy that can

often be e�ciently computed using existing numerical techniques. In the model de-

scribed in appendix B, this problem simpli�es further once we observe that the opti-

mality condition imply

z̃ (z,Ψ, 0, 0; 0) = z ∀z,Ψ, (27)

and therefore

Ψ̃ (Ψ, 0; 0) = Ψ ∀Ψ. (28)

This implies that equation (25) is

F
(
z, ȳ, ȳ, ȳ, Ȳ , 0, 0

)
= 0 ∀z,Ψ. (29)
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Moreover, equation (29) can be re-written to express ȳ as an explicit function of(
z, Ȳ

)
(see appendix B). This implies that we can use equation (26) to �nd a �xed

point for Ȳ . If NY is the number of choice variables, equations (26) form a system of

NY equations and NY unknowns.

To calculate the integral in equation (26) we discretize state space Z into K bins,

with z1, ..., zK corresponding to the values that z takes on that grid, so that the

distribution Ψ assigns equal measure to each bin, where K is chosen to be su�ciently

large to approximate Ψ well.5

Once
(
ȳ, Ȳ

)
is obtained, we evaluate �rst-, second- and higher-order derivatives

of functions F and G at these allocations. These derivatives can be found e�ciently

using automatic di�erentiation routines. Let F k
0 , F

k
y−, F

k
y , F

k
y+, F

k
Y be the derivatives

of F with respect to its �rst �ve arguments evaluated at
(
zk, ȳ, ȳ, ȳ, Ȳ , 0, 0

)
for k =

1, .., K. Similarly, Gk
0, G

k
y, G

k
Y are the derivatives of G with respect to its �rst three

arguments evaluated at
(
zk, ȳ ¯, Y , 0, 0

)
.

3.2 Step 2: Finding derivatives of policy functions

We now describe how to compute the derivatives of the policy functions ỹ and Ỹ .

Although only the derivatives of policy functions with respect to shocks (ε, E) appear

in the Taylor expansion (24), computing those derivatives requires also computing

the derivatives of ỹ and Ỹ with respect to the state variables (z,Ψ). Given our

discretization procedure, the state variable for Ỹ is a Nz × K-dimensional variable
~Ψ, and the state variable for ỹ is a Nz × (K + 1) dimensional variable zk, ~Ψ. We use

Yk, y
l
k to denote the derivatives of Ỹ

(
~Ψ, ·; ·

)
and ỹ

(
zl, ~Ψ, ·, ·; ·

)
with respect to the

kth element on ~Ψ evaluated at σ = 0; and yl0 for l ∈ {1, ..., K} to denote the derivative
of ỹ with respect to the individual state z evaluated at z = zl and σ = 0. Since z̃ is

a subset of ỹ, we use zlk, z
l
0 in a similar way to de�ne the derivatives of z̃.

A total di�erentiation of (20) and (21) will generate a linear system that deter-

mines
{
ylk, Yk

}
k,l
. This is a system with K2 +K unknowns that requires inverting a

(K2 +K)× (K2 +K) Jacobian matrix. Such inversions are computationally infeasi-

ble for large K. Fortunately, the next lemma simpli�es things.

5In our application we set K = 20, 000.
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Lemma 1. There exists
{
ylY
}
such that

ylk = ylY Yk

and

Yk =

(∑
l

(
Gl
yy

l
Y +Gl

Y

))−1 [
Gk

0 +Gk
yy

k
0

]
.

Proof. Equation (27) implies that ∂
∂z
z̃ (z,Ψ, 0, 0; 0) = 1 for all (z,Ψ) and therefore

zl0 = 1 for all l. Using this fact, di�erentiate (20) with respect to zl and re-arrange to

get

yl0 = −
[
F l
y− + F l

y + F l
y+

]−1
F l

0 for all l.

Di�erentiation of (20) and (21) with respect to the kth argument of ~Ψ gives

F l
y−y

l
k + F l

yy
l
k + F l

y+y
l
k + FY Yk = 0 for all l, k, (30)

(
Gk

0 +Gk
yy

k
0

)
+

K∑
l=1

(
Gl
yy

l
k +Gl

Y Yk
)

= 0 for all k. (31)

Then solving (30) for ylk we get

ylk = −
[
F l
y− + F l

y + F l
y+

]−1
F l
Y Yk ≡ ylY Yk. (32)

Substituting ylk using (32) allows us to solve for Yk as

Yk =

(∑
l

(
Gl
yy

l
Y +Gl

Y

))−1 [
Gk

0 +Gk
yy

k
0

]
. (33)

After we have found Yk, we compute ylk from (32).

Lemma 1 shows that a ylk that has K
2 elements can be decomposed into a product

of two terms, each of which has K elements. Therefore the computational complexity

grows linearly in K rather than exponentially. Also, note that the formulas for Yk

and ylk require inversions of NY ×NY size matrices.

For our expansions we need the responses of endogenous policies to idiosyncratic

and aggregate shocks for our expansions. Using Lemma 1 as an input, we show

15



Proposition 3. The coe�cients for the �rst order expansion of the policy function

ỹ are given by: ylσ = 0,

ylε =
[
F l
y + F l

y+y
l
zQ
] −1F l

ε ,

ylE =

ylE,1 + ylE,3

(
I −

∑
k

YkQy
k
E,3

)−1(∑
k

YkQy
k
E,1

)
+

ylE,2 + ylE,3

(
I −

∑
k

YkQy
k
E,3

)−1(∑
k

YkQy
k
E,2

)YE ,

where

ylE,1 = −
(
F l
y + F l

y+y
l
0Q
)−1

F l
E , ylE,2 = −

(
F l
y + F l

y+y
l
0Q
)−1

F l
Y , ylE,3 = −

(
F l
y + F l

y+y
l
0Q
)−1

F l
y+y

l
Y

and policy functions Ỹ are given by Yσ = 0 and

YE = −

∑
k

Gk
Y +Gk

yy
k
E,2 +Gk

yy
k
E,3

(
I −

∑
l

YlQy
l
E,3

)−1(∑
l

YlQy
l
E,2

)−1

×

∑
k

Gk
ε +Gk

yy
k
E,1 +Gk

yy
k
E,3

(
I −

∑
l

YlQy
l
E,3

)−1(∑
l

YlQy
l
E,1

) .

A key message of Proposition 3 is that the formulas for the derivatives necessary

for the approximations can be expressed in terms of matrices that are Ny × Ny or

NY × NY and do not scale with the number of agents K. This allows us to handle

very large state spaces.

With similar reasoning, we �nd higher-order derivatives with respect to (z,Ψ, ε, E)

and derivatives of the policy function with respect to σ. Importantly, computations

of the higher-order derivatives also can be done in a computationally convenient way

that only requires inversion of the small-dimensional matrices. This preserves the

computational advantages of our approach even for higher-order expansions. The

details and the explicit formulas are stated in appendix B.
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3.3 Comparison to other methods

Existing methods that analyze settings with heterogeneity, incomplete markets and

aggregate shocks can be broadly categorized into two groups: projection methods like

Krusell and Smith (1998), Den Haan (1997), Algan et al. (2010); and perturbation

methods like Campbell (1998), Mertens and Judd (2013), Reiter (2009), together with

more recent variations of Reiter (2009) by Winberry (2016), Ahn et al. (2017). All of

these papers focus on approximating the ergodic state of a competitive equilibrium

for a given set of policies. They cannot be easily extended to confront normative

questions like the ones we want to answer.

Projection methods summarize the in�nite dimensional state variable using a sub-

set of moments and approximate value functions and policy functions by using func-

tional approximations and simulations for the aggregate laws of motion that describe

the ergodic behavior of moments. These methods work well when individual state

variables are low dimensional and economies exhibit what Krusell and Smith termed

an �approximate aggregation� property in which a function of the �rst moment of the

distribution of idiosyncratic states predicts next period's prices accurately.

To solve an optimal policy problem, one needs to keep track of a much more

complicated distributional state variable that includes individual assets, past shocks,

and Lagrange multipliers on all individuals' Euler equations, along with additional

aggregate state variables. In our application, we focus on a shock process in which

idiosyncratic risk and aggregate shocks are correlated. We are want to study transition

paths from an arbitrary given distribution of individual state variables, not just the

ergodic state associated with the optimal policies. These requirements make the

application of projection methods infeasible to a problem like ours.

Our method is more closely related to approaches taken by Campbell (1998),

Reiter (2009). These rely on perturbation theory. In those methods, responses to

aggregate shocks are approximated using �rst-order expansions of policy rules around

a steady state obtained by shutting down aggregate shocks.6 Applying these methods

to optimal policy problem like ours requires confronting two issues. First, the invariant

distribution in the absence of aggregate shocks is itself is endogenous to policy and

6Mertens and Judd (2013) approximate around a point of no heterogeneity. Ahn et al. (2017)
extend the Reiter (2009) method to settings with continuous time, while Winberry (2016) uses a
variant in which parametric forms capture the steady state distributions rather than the histograms
used by Reiter (2009).
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is not easy to compute. But more importantly in many settings with incomplete

markets, the speed of mean-reversion is extremely low,7 which implies that using

perturbation around the �xed point provides a poor approximation for the optimal

policy in many states.

Legrand and Ragot (2017) study an optimal �scal policy problem with idiosyn-

cratic risk and aggregate shocks after truncating individual histories. The truncation

implies that agents that have received the same shocks in the past T (typically 4 or

5) periods pool consumption risk; then as in Reiter (2009), they take a �rst order

expansion around a steady state of the truncated economy with no aggregate shocks.

In principle, for a su�ciently large T , the economy with truncation would be close to

the original incomplete market problem, but the number of histories grows exponen-

tially as TE, where E is the number of distinct values that idiosyncratic and aggregate

shocks can take. That makes this procedure become unmanageable for richer shock

processes or problems with richer history dependence. It is therefore unsuited to our

application.

Our method overcomes these issues by repeatedly approximating around current

distributions of idiosyncratic and aggregate states after temporarily turning o� all

uncertainty. The temporary non stochastic allocation is easy to compute. Then

using the explicit formulas for the derivatives as in Proposition 3, we can compute

the approximation to the entire transition path by repeating the expansion every

period around a new distribution of individual states and aggregate states.

4 Quantitative Application

We apply our equilibrium approximation algorithm to economies initially calibrated to

recent U.S. data, assess quantitatively the properties of Ramsey policies, and contrast

them with those of benchmark representative agent settings.

4.1 Calibration

We set ν = 2 and γ = 2 to attain an intertemporal elasticity of substitution and a

Frisch elasticity of labor supply both equal to 0.5. We set the time discount factor

7In Bhandari et al. (2017) we compute analytically the speed of mean reversion for several in-
complete markets economies.
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β = 0.98, which implies that an annual net return in an economy without shocks

would be 2% per year. Following Schmitt-Grohé and Uribe (2004a), we then set

ψ = 4.5 as estimated by Sbordone (2002) and ε = 6 to target a value-added markup

of 0.25. We compute outcomes for ψ = 0 and ψ = ∞ to capture two polar cases

with respect to nominal price stickiness: with zero Rotemberg costs, the planner can

engineer state-contingent returns as in the �exible price models of Lucas and Stokey

(1983) and Chari et al. (1994); but with arbitrarily large Rotemberg price adjustment

costs, the economy simpli�es to one in which agents trade a risk-free real bond and

the planner has access only to �scal instruments τt, Tt.

To capture observed labor income inequality parsimoniously, we assume that pro-

ductivities and relative productivities follow

θt = (1− ρθ)µ+ ρθθt−1 + σσθεt

θi,t = ei,t + σσεεi,t

ei,t = ρeei,t−1 + σfi,tσθεt + σσηηi,t,

where εt, εi,t, ηi,t, i = 1, . . . , N are mutually orthogonally i.i.d. Gaussian processes

with mean vectors 0 and identity contemporaneous covariance matrices. We set the

scaling parameter σ = 1 at our calibrated values, but we shrink it to zero in the small-

noise calculations described in section 3. We set ρθ and σθ to match the �rst-order

autocorrelation and standard deviation of aggregate labor earnings. We construct the

process fi,t to match some aspects of evidence in Guvenen et al. (2014) that expected

earning drops in recessions vary with pre-recession earnings. We have reproduced this

evidence in Figure I. The ordinate axis plots percentiles of pre-recession earnings and

the coordinate axis plots earnings losses during the last four recessions. We capture

this pattern in our model via the process fi,t that a�ects how an innovation εt in

aggregate productivity a�ects individual i's relative productivity θi,t. We construct

this process in the following way. We create a function ∆ that maps percentiles in

the earnings distribution to the percentage drop in average earnings at that percentile

observed on average across the four recessions studied by Guvenen et al. (2014). We

de�ne another function P (ei,t|{ej,t}j) that maps a cross section {ej,t}j and a particular
ei,t into ei,t's percentile in the cross section {ej,t}j. We then form the process fi,t via

the composite function fi,t ≡ ∆ [P (ei,t|{ej,t}j)]. The remaining parameters ρe, ση, σε
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Figure I: Earnings losses in the last four recessions using [Guvenen et al. (2014)]

are borrowed from Low et al. (2010) who assume fi,t = 1 and impose ρ = 1. They

estimate ση, σε along with the variance of initial distribution of ei0 by matching several

moments of 1993 panel of the Survey of Income and Program Participation (SIPP)

and 1988�1996 Panel Study of Income Dynamics (PSID). These estimates are also in

line with Storesletten et al. (2001) who use use the PSID 1969-1992.

For initial debt, we use use data from the 2013 wave of the Survey of Consumer

Finance (SCF) with the sample restricted to married households. The SCF pro-

vides information on households' total labor earnings, as well as hours worked by

the primary and secondary earners. This lets us construct average household wages.

We then measure households' holdings of government debt8 and target average bond

holdings by wage quintiles.

We assume Pareto weights of the form ωi ∝ θαi,−1 and choose α to make the tax

8We sum direct holdings plus indirect holdings through government bond mutual funds (taxable
and nontaxable), saving bonds, money market accounts, and components of retirement accounts
that are invested in government bonds.
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Parameters Values
Inter temporal elasticity, σ−1 0.5
Frisch elasticity, γ−1 0.5
Subjective discount factor, β 0.98

Std. persistent component,ση 10%
Autocorr persistent component, ρ 1
Std. of z0 25%
Std. i.i.d component,σe 0

Elasticity of substitution, ε 6
Menu cost, ψ 4.5
Government spending, G 12%

Table I: Parameters

rate in an economy with no risk equal the observed marginal tax rate of 24%.9 Lastly,

we assume that government purchases gt are constant at an average value of current

federal government expenditures to output ratio of 12%. Parameters of our baseline

model are in Table I.

As a point of comparison, we take a Ramsey allocation in an N = 1 representative

agent economy with no transfers and a linear labor income tax, obtained as a special

case of our economy by imposing b1,−1 = B−1 and Tt = 0, setting f1,t = 0, and to

σe1,−1 = ση = σε = 0. This recovers what is almost a Schmitt-Grohé and Uribe

(2004a) economy.10

4.2 Results

We �rst report results using our baseline calibration and then analyze our main

�ndings by constructing special cases that turn o� one feature at a time.

Baseline

Table II reports moments for the tax rate, in�ation rate, nominal interest rate, output,

and debt computed from an ensemble of simulations of optimal policy rules for our

9We obtain α = 1.2, which indicates that in absence of risk, a tax rate as low as 24% is rationalized
by Pareto weights skewed towards the productive agents in the economy.

10This representative agent economy is also close to Siu's (2004) economy that uses a consumption
tax instead of a proportional labor tax and and Correia et al.'s (2008) economy that uses both
consumption and proportional labor taxes.
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Moments Heterogeneous agents Representative agent
std corr_y autocorr std corr_y autocorr

Tax rate 2.05 -0.53 0.16 0.06 0.06 0.71
In�ation 0.38 0.31 -0.10 0.01 -0.63 -0.11
Nominal Int. rate 1.08 -0.50 -0.12 0.47 -1.00 0.56
Output 1.27 1.00 0.48 1.05 1.00 0.53
Transfers/output 1.68 -0.29 0.24 0.00
Debt/output 1.27 -0.05 0.76

Table II: Moments of simulated Ramsey plans

baseline heterogeneous agent model and the representative agent model comparison

model.11

The most striking outcome is that the volatilities of the tax rate and in�ation

rate are substantially larger in the baseline heterogeneous agent economy than in the

representative agent economy.

Figure II depicts responses to a one-time, two-standard-deviation negative impulse

to aggregate productivity θt occurring in period t = 1.12 This shock induces a drop in

output of about 1.5− 2 percentage points on impact. Optimal policy in the baseline

case (solid black line) responds by reducing the tax rate by 0.5 percentage point when

the shock hits and then raising it by about 1.5 percentage points for a duration that

lasts much longer than does the e�ect of the shock ε on aggregative productivity

θt. The e�ect on in�ation is transitory: nominal prices rise by 0.2 percentage points

on impact, then in�ation returns to zero after one period. In terms of magnitudes,

the movements in the tax rate and in�ation are quite large relative to those in the

representative agent model (dotted lines) that are barely visible due to the scale.

Since a Ramsey plan does not pin down government debt, we normalize Bt = 0,

which allows us to infer how transfers respond to shocks.13 In the representative

11To compute these moments, we simulated 50 realizations of length 40. For each realization,
we detrended the simulated path using a Hodrick-Prescott �lter (smoothing parameter 6.25), and
computed sample analogues of these moments. Table II reports the value of each moment averaged
across the 50 realizations.

12To approximate these impulse responses for our nonlinear model, we �x initial conditions and
simulate a Ramsey plan twice: once for a shock sequence [1,0,0,0,0,0...] and once for the sequence
[0,0,0,0,0,...]. The reported impulse responses are di�erences across these two simulations. This is
a quick way to approximate a non linear IRF. In the future, we will use the average path and not
the path for average shocks. Our current method probably provides good approximations for our
application here.

13Alternative normalizations include setting the average debt of a lowest decile person to zero.
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agent economy, the �scal response to a negative productivity shock is �nanced by

borrowing immediately and then imposing a very small but very persistent increase

in the tax rate.

Redistributive hedging

Redistributions explain the di�erence between our heterogeneous agent baseline and

our representative agent comparison model in how optimal �scal and monetary poli-

cies respond to a recession that is accompanied by an increase in inequality.

In the representative agent economy, there are no redistribution concerns, so the

key margin confronting the planner is how to trade o� bene�ts of using in�ation to

hedge aggregate shocks against the welfare costs of in�ation volatility coming from the

Rotemberg price adjustment costs. Our �ndings indicate that for business cycle sized

shocks, welfare costs arising from accepting imperfect spanning of aggregate shocks

are small relative to those that would come from making in�ation more volatile.

Accordingly, like Siu (2004) and Schmitt-Grohé and Uribe (2004a), we �nd small

responses of the tax rate and smaller responses of in�ation to a technology shock.

In our heterogeneous agent economy, a new force becomes active: with our setting

of Pareto weights, optimal �scal-monetary policy redistributes towards agents who

are especially adversely a�ected by aggregate shocks. We call this �redistributive

hedging�. To see how it operates, consider a recession that increases inequality, as

occurs in our baseline economy. The planner wants to redistribute both asset and

labor income income, making it optimal to lower the real return on bonds. That can

be achieved in two ways: either higher in�ation or a lower contemporaneous tax rate

combined with a higher future tax rates. The planner redistributes labor income by

increasing the labor tax rate and giving larger transfers. Our �ndings suggest that

redistributive hedging is quantitatively more important than the spanning vs in�ation

costs trade-o� that takes center stage in the representative agent model.

To discover what drives outcomes � dispersion in the initial asset distribution or

higher dispersion in idiosyncratic productivities after a recession � we analyze some

perturbed economies.

1. We �rst deactivate initial asset dispersion, idiosyncratic risk, and inequality

shocks by setting bi,−1 = B−1, ση = 0, fi,t = 0. Figure III shows that optimal

responses in this case are much smaller and of the same order of magnitude that
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Figure II: Impulse response functions for the baseline calibration
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prevail in the representative agent comparison model.

2. Next, in �gure IV we turn o� inequality shocks by setting fi,t = 0 but activate

heterogeneity in initial assets. The responses of tax rates and in�ation are

higher but still signi�cantly smaller then in our baseline heterogeneous agent

economy. As explained above, when asset holdings are dispersed, lowering the

tax rate now and raising it in the future lowers the real return on savings and

is a potent tool for redistribution.

3. Next, we turn o� heterogeneity in initial assets but activate inequality shocks

by setting fi,t to its value in the baseline calibration. In �gure V, we see that

most of the response of the tax rate and in�ation rate in the baseline calibration

comes from higher inequality shocks in recessions.

4. As a �nal comparison, we study an economy in which ψ = 0. As emphasized by

Chari et al. (1991), without costs of in�ation, the planner in a representative

agent economy can implement a complete markets optimal plan: it sets the tax

rate to be constant and generates the appropriate Ramsey real state-contingent

returns by varying in�ation systematically with respect to aggregate shocks.

This raises in�ation volatility. In a heterogeneous agent economy, the planner

still uses in�ation to obtain state-contingent returns, but here the motive is

redistributive hedging and not state-contingent spanning. In the top panel of

�gure VI we see that when ψ = 0 the tax rate no longer dips on impact but

stays high for a long time. The planner need not move the tax rate in order to

lower real returns but can instead raise in�ation to achieve the same outcome

at a lower welfare cost. The in�ation rate jumps by 10 percentage points as

against 0.2 percentage points in our baseline heterogeneous agent economy.

5 Concluding remarks

James Tobin summarized macroeconomics as a �eld that explains aggregate quantities

and prices while ignoring distribution e�ects. Tobin's characterization also describes

much work subsequent to his in the real business cycle, asset pricing, Ramsey tax

and debt, and New Keynesian research traditions. In each of these, the assumptions
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of complete markets and a representative consumer allow the analyst to compute

aggregate quantities and prices without also determining distributions across agents.

This paper departs from such �aggregative economics� in two ways. First, we

assume incomplete markets � which means that aggregate quantities, prices, and al-

locations across agents must be determined jointly, not recursively as in complete

markets models. And second, we specify technology and relative skills shocks in a

way that makes contact with �ndings of Guvenen et al. (2014) that US cross sec-

tion distributions of labor earnings have moved systematically over business cycles.

A common shock a�ects both an aggregate technology shock and the cross-section

distribution of skills. Cross-section dispersions in labor earnings and asset holdings

shape both aggregate outcomes and choices confronting a Ramsey planner.

Finally, an incomplete markets model goes a long way toward framing an optimal

policy problem when it sets the menu of assets. By specifying that the only asset

traded in our model is a risk-free nominal bond, we activate a bene�cial role for �scal

and monetary policy to make nominal interest rates �uctuate in ways that hedge

inequality-increasing shocks to distributions of labor earnings.14

14It is fruitful to compare our assumptions with those of Musto and Yilmaz (2003) who focus on
how markets that allow citizens to insure outcomes of voting a�ect the e�cacy of redistribution.
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A Ramsey problem

We state �rst-order necessary conditions for a Ramsey plan. We �rst multiply equa-

tion (12) by marginal utility uci,t. Next we substitute for (1 − τt)wt using equation

(10) and it with equation (11) to obtain

uci,t[ci,t − Tt −Dt] + uni,tni,t + xi,t =
uci,t(1 + πt)

−1xi,t−1

βEt−1uci,t(1 + πt)−1
.

The Ramsey planner's objective is, therefore, to maximize (9) subject to (with

associated multipliers)

µi,t : uci,t[ci,t − Tt −Dt] + uni,tni,t + xi,t =
uci,t(1 + πt)

−1xi,t−1

βEt−1uci,t(1 + πt)−1

ρ1
i,t−1 : α1

t−1 = mi,t−1Et−1uci,t(1 + πt)
−1

ρ2
i,t : α2

t = mi,tuci,t

φi,t : − uni,t = (1− τt)ucit exp(θi,t)wt

ηt :

∫
mi,tdi = 1

κ1
t−1 : Et−1UCtπt(1 + πt) = Mt−1

κ2
t : UCt

(
Yt [1− ε (1− wt)]

ψ

)
− UCtπt(1 + πt) = −βMt

ξt : Yt =

∫
exp(θi,t)ni,tdi

χt : Ct =

∫
ci,tdi.

λt : Ct +Gt = Yt −
ψ

2
π2
t

νt : Dt = [1− wt]Yt −
ψ

2
π2
t

θi,t = ei,t + θt + σεεi,t

ei,t = ρei,t−1 + fi,tεt + σηηi,t

θt = (1− ρθ)µ+ ρθθt−1 + σθεt

Note thatmi,t represents inverse marginal utility 1/uci,t normalized so that
∫
mi,tdi =

1, and the constraint associated with multiplier ρ1
i,t−1 ensures that all agents price
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the risk-free bond identically. These constraints are all valid for t ≥ 1. For t = 0, the

constraint associated with µi,0 is replaced by

uci,0[ci,0 − T0 −D0] + uni,0ni,0 + xi,0 = uci,0bi,0,

and the constraints associated with ρ1
i and κ

1 are not present. For t ≥ 1, the choice

variables are {ci,t, ni,t, xi,t,mi,t} , τt, Tt, πt,Mt, α
1
t−1, α

2
t , wt, Ct, Dt, Yt

A.1 First order conditions

The �rst order conditions for t ≥ 1 are then given by

1. ci,t

ωi,tuci,t − µi,t {ucci,t[ci,t − Tt −Dt] + ucit}+

{
ucci,t(1 + πt)

−1xi,t−1

βEt−1uci,t(1 + πt)−1

}
(µi,t − µi,t−1)

+β−1ρ1
i,t−1[mi,t−1ucci,t(1 + πt)

−1] + ρ2
i,tmi,tucci,t + φi,t(1− τt)uccit exp(θi,t)wt + χt = 0

2. nit

ωi,tuni,t − µi,t {unnitnit + unit}+ φi,tunnit + ξt exp(θi,t) = 0

3. xi,t

µi,t−1 = Et−1µi,t

(
uci,t(1 + πt)

−1

Et−1uci,t(1 + πt)−1

)
4. mi,t

ρ2
i,tuci,t + %i,t − ηt = 0

%i,t−1 = ρ1
i,t−1Et−1uci,t(1 + πt)

−1

5. τt ∫
φi,tucit exp(θi,t)wtdi = 0

6. Tt ∫
µi,tuci,tdi = 0

7. πt
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(1 + πt)
−2

∫
uci,txi,t−1

[
µi,t−1 − µit

βEt−1uci,t(1 + πt)−1

]
di− (1 + πt)

−2β−1

∫
ρ1
i,t−1mi,t−1uci,tdi

− [κ1
t−1β

−1 − κ2
t ]UCt [1 + 2πt]− ψπt[λt + νt] = 0

8. Mt

−βκ2
t + κ1

t = 0

9. α1
t−1 ∫

ρ1
i,t−1di = 0

10. α2
t ∫

ρ2
i,tdi = 0

11. wt ∫
φi,t(1− τt)uci,t exp(θi,t)−

(
ε

ψ

)
κ2
tUCtYt − νtYt = 0

12. Ct

−κ1
t−1Ucc,tπt(1−πt)β−1−κ2

tUcc,t

{(
Yt [1− ε (1− wt)]

ψ

)
− πt(1 + πt)

}
−χt−λt = 0

13. Dt ∫
µi,tuci,tdi = νt

14. Yt

−κ2
tUCt

[
1− ε(1− wt)

ψ

]
− ξt + λt + νt[1− wt] = 0

Combining the �rst order conditions, we get that κ1
t = κ2

t = 0. Thus, constraint (13)

is slack at the optimal allocation and we can write the problem recursively as follows.

A.2 Bellman Equations

For t ≥ 1, individual states are zit = (eit, x
i
t,m

i
t, ω

i) and the aggregate states are

Zt = θt, where θt is the aggregate productivity. Let Γ be a measure over zi. Then
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the planner's Bellman equation for t ≥ 1 is

V (θ_,Γ_) = max
c(·),n(·),x(·)
C(·)w(·),τ(·)
α1_,α2(·)D(·)

Eε
[∫

ωiU(c(εi, ε, zi_), n(εi, ε, zi_))φ(dεi)dΓ_ + βV (θ,Γ)

]

(35)

subject to

x_iUc(ε
i, ε, zi_)(1 + π(ε))−1

βE[Uc(1 + π)−1]
= Uc(c(ε

i, ε, zi_)−D(ε)) + Unn(εi, ε, zi_) + x(εi, ε, zi_)

α1_ = mi_E
[
Uc(ε

i, ε, zi_)(1 + π(ε))−1
]

α2(ε) = m(εi, ε, zi_)Uc(ε
i, ε, zi_)

Un(εi, ε, zi_) + (1− τ(ε))w(ε) exp(ei + θ)Uc(ε
i, ε, zi_)

ei = ρei_ + fiε+ εi

which must hold for almost all zi_ and εi,

C(ε)−
∫
c(εi, ε, zi_)dφ(εi)dΓ_

Y (ε)−
∫

exp(ei + θ)n(εi, ε, zi_)dφ(εi)dΓ_

C(ε) +G(ε) = Y (ε)− ψ

2
π(ε)2

D = (1− w(ε))Y (ε)− ψ

2
π(ε)2∫

m(εi, ε, zi_)dφ(εi)dΓ_ = 1

θ = ρθθ_ + σθε

which hold for all ε, and the law of motion for Γ being consistent with x(·),m(·) and
ei.

For t = 0, the state consists of θ_ and Γ̂_, the joint measure over b_, e_ and ω,

so the bellman equation can be written as

V0(θ_, Γ̂_) = max
c(·),n(·),x(·)
C(·),W (·),τ(·)
α2(·),D(·)

Eε
[∫

ωiU(c(εi, ε, zi_), n(εi, ε, zi_))φ(dεi)dΓ̂_ + βV (θ,Γ)

]

(37)
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subject to

b_iUc(ε
i, ε, zi_) = Uc(c(ε

i, ε, zi_)−D(ε)) + Unn(εi, ε, zi_) + x(εi, ε, zi_)

α2(ε) = m(εi, ε, zi_)Uc(ε
i, ε, zi_)

Un(εi, ε, zi_) + (1− τ(ε))w(ε) exp(ei + θ)Uc(ε
i, ε, zi_)

ei = ρei_ + fiε+ εi

which must hold for almost all zi_ and εi,

C(ε)−
∫
c(εi, ε, zi_)dφ(εi)dΓ̂_

Y (ε)−
∫

exp(ei + θ)n(εi, ε, zi_)dφ(εi)dΓ̂_

C(ε) +G(ε) = Y (ε)− ψ

2
π(ε)2

D = (1− w(ε))Y (ε)− ψ

2
π(ε)2∫

m(εi, ε, zi_)dφ(εi)dΓ̂_ = 1

θ = ρθθ_ + σθε

which hold for all ε, and the law of motion for Γ conditional on Γ̂_ being consistent

with x(·),m(·) and ei.
One caveat is that there may not exists a feasible plan, for t ≥ 0, for all possible

distributions Γ, which can readily be seen in the non-stochastic limit for N ≥ 2

agents. We follow Marcet and Marimon (2011) in replacing xit with its associated

costate variable µit in Γ for the remainder of the appendix.

B Computational approach

Here we show how take the �rst-order conditions for a Ramsey allocation described in

Section A, stack them into the form of equations (20) and (21), and then approximate

solutions to them. We begin by grouping variables into

• Individual speci�c states: z

(logm_, µ̂_, e_, ω)

39



Here µ̂i,t = µi,t/mi,t.

• Individual speci�c endogenous variables: y

e, logm, µ̂, ω, c, n, ρ1, ρ2, φ, ucp, focπ, b, b_, x_, ζ_

• Mathematical expectations of individual variables conditional on time t − 1

information: e

Eucp, Eucpµ,Ex_, Eρ1_

• Aggregate variables: Y

Θ, α1_, α2, T,Π, Ŵ , λ, η, Y, B

• Aggregate states: Z

Θ_

• Individual shocks: ε

ε

• Aggregate shocks: E
E

Here the appendage _ indicates variables that are measurable with respect to time

t − 1 information. For simplicity, and without loss of generality, we assume that

dependence of F on yit+1 is entirely through variables that are measurable with respect

to time t. We denote these by vit = Ivyy
i
t+1. In our case they are

• v :

x, ζ

Thus, after setting κ1 = κ2 = 0 and dropping the Phillips curve from the list of �rst-

order conditions described in Appendix A, the set of individual constraints de�ned
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by F (z, y, e, v, Z, Y, ε, E) is

0 = x_− Ex_

0 = ρ1_− Eρ1_

0 = x_
ucp

βEucp
− uc(c− T −D)− unn− x

0 = α2 −muc
0 = Ŵweuc + un

0 = ωun − µ(unnn+ un) + φunn + λwe

0 = ρ2uc + ζ − η

0 = ωuc +
x_ucc(1 + Π)−1

βEucp
(µ− µ_)− µ(ucc(c− T ) + uc) +

ρ1_m_ucc
(1 + Π)β

+ ρ2µcc + φweŴucc − λ

0 = ζ_− ρ1_Eucp

0 = z − z_− ε− fiE

0 = we − exp(z + Θ)

0 = ucp− uc/(1 + Π)

0 = ω − ω_

0 = focπ −
(1 + Π)−2x_uc

βEucp
(µ−µ) + (1 + Π)−2ρ1_m_uc/β + λψΠ

0 = b− x/uc
0 = b_− x_/m_

0 = µ_Eucp− Eucpµ

0 = α1_−m_Eucp

There are 19 equations in F and 17 variables. The �rst two equations only impose

the restriction that ρ1_ and x_ are independent of the shocks ε and E . The last two
equations place no restrictions of responses to shocks because all variables involved

are measurable with respect to time t − 1 information. Thus, when computing the

derivatives of choice variables with respect to Zt−1, z
i
t−1, and σ, we will use only the

last 17 equations and when computing derivatives with respect to εit and Et, we will
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use only the �rst 17 equations. The term fi captures the response of an individuals

permanent productivity to a change in aggregate productivity and, as noted in section

4.1, these depend on an agent's percentile in the productivity distribution. Rational

expectations are imposed through the variables eit−1 = Et−1f(yit) where f is given by

ucp

ucpµ

x_

ρ1_.

Finally, the function G(z, y, Z, Y, ε, E) is given by

α1_− Eα1_

µ̂

1−m

wen− (ψΠ2)/2− c−Gov

φucwe

ρ2

Θ− ρΘΘ_− E

focπ

Y − (wen− 0.5ψΠ2)

B − b

b_

ρ1_

As with the de�nition of F , the �rst 10 equations are used when di�erentiating with

respect to E . They impose the restriction that α1_ is independent of E and hence

measurable with respect to t− 1. The last 10 equations are used in all other cases.
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B.1 Non-Stochastic Steady State

In a limit as shocks approach zero, it can be shown that

µit = µit−1

and

mi
t = mi

t−1.

Furthermore, because we have imposed that ρ = 1 in our parameterization, we can

conclude that zit = zit−1. Thus, we can conclude that every non-stochastic steady

state must satisfy

z̄ = z(0, 0, z̄, Z̄(Γ),Γ|0).

To solve for a non-stochastic steady state associated with a given distribution of

individual states zi, we note that for a given guess of aggregate variables Ȳ it is

possible to solve for the individual choice variables yi associated with each zi in

closed form. Solving for the non-stochastic steady state thus amounts to solving a

system of non-linear equations in Ȳ given by G numerically. We have found that,

numerically, there always exists a unique solution.15

C Computing Derivatives

[TBA]

15This is checked by attempting to �nd alternative roots by using many initial guesses for the root
�nder.
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